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A B S T R A C T

Heat Equation Driven Area Coverage (HEDAC) is a state-of-the-art multi-agent ergodic motion control guided
by a gradient of a potential field. A finite element method is hereby implemented to obtain a solution of the
Helmholtz partial differential equation, which models the potential field for surveying motion control. This
allows us to survey arbitrarily shaped domains and to include obstacles in an elegant and robust manner
intrinsic to HEDAC’s fundamental idea. For a simple kinematic motion, the obstacles and boundary avoidance
constraints are successfully handled by directing the agent motion with the gradient of the potential. However,
including additional constraints, such as the minimal clearance distance from stationary and moving obstacles
and the minimal path curvature radius, requires further alternations of the control algorithm. We introduce
a relatively simple yet robust approach for handling these constraints by formulating a straightforward
optimization problem based on collision-free escape route maneuvers. This approach provides a guaranteed
collision avoidance mechanism while being computationally inexpensive as a result of the optimization problem
partitioning. The proposed motion control is evaluated in three realistic surveying scenarios simulations,
showing the effectiveness of the surveying and the robustness of the control algorithm. Furthermore, potential
maneuvering difficulties due to improperly defined surveying scenarios are highlighted and we provide
guidelines on how to overpass them. The results are promising and indicate real-world applicability of the
proposed constrained multi-agent motion control for autonomous surveying and potentially other HEDAC
utilizations.
. Introduction

Many autonomous multi-agent tasks that conduct their action con-
inuously with a dynamic motion of the agent, such as spraying, clean-
ng, searching or monitoring, need a suitable area coverage control.
ne such task is surveying, where the goal is to quickly explore a
nown domain. Surveying typically happens in an environment con-
aining various types of obstacles, for instance, man-made obstacles in
he interior or urban areas, natural obstacles such as trees outdoors, or
and in the sea surveying. Using multiple agents can result with more
fficient and faster surveys but it also raises the problem of coordina-
ion and collisions between agents. Furthermore, it is preferable that
he autonomous agent, i.e. autonomous unmanned vehicle, perform

smooth motion without sudden turns and jerks. These constraints,
ogether with a real-time control computation, need to be considered
o reliably accomplish autonomous surveys. None of the methods in
he reviewed literature grants a comprehensive motion control that
ddresses all raised issues and demands in order to be able to complete
real-world surveying operation.
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E-mail addresses: stefan.ivic@riteh.hr (S. Ivić), ante.sikirica@uniri.hr (A. Sikirica), bojan.crnkovic@uniri.hr (B. Crnković).

We are proposing a multi-agent motion control extended from the
proven state-of-the-art Heat Equation Driven Area Coverage (HEDAC)
method, which is able to successfully conduct surveying while com-
plying with all of the above-mentioned constraints. HEDAC relies on
an attraction potential field governed by Helmholtz partial differential
equation. We approximate the solution of the Helmholtz equation with
the Finite Element Method (FEM) which allows us to handle arbitrarily
shaped domains including inner boundaries acting as obstacles. In order
to obtain smooth trajectories, we have adopted the Dubins motion
model which constraints the trajectory curvature while keeping the
velocity constant. A novel, robust and effective collision avoidance
maneuvers are designed for the Dubins motion model. These maneu-
vers are formulated as an optimization problem, which is relatively
easily partitioned and solved, providing a robust and flexible avoidance
of collision with static (obstacles) and dynamic obstructions (other
agents).

The proposed multi-agent motion control is simulated in three
surveying scenarios. Two test cases emulate realistic outdoor and sea
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surveying, carried out on real-world domains. The simulations confirm
that the proposed control method is able to effectively carry out multi-
agent surveying and complies with all established constraints while
allowing a real-time computation. Specific details of maneuvers result-
ing from the proposed method are investigated in more detail to further
demonstrate capabilities but also issues of the proposed control method
and surveying formulation. The presented control algorithm relies on
a finite element method with a particular optimization-based obstacle
avoidance formulation in order to satisfy Dubins motion constraints,
thus resolving collision problems when surveying an irregular domain
with obstacles. The proposed surveying motion control algorithm is
sophisticated yet elegant, and its implementation is lightweight, robust,
fast and efficient, and hence is applicable for real-world use.

2. Review of state-of-the-art multi-agent control for spatial explo-
ration and coverage

The subject presented in this paper combines two control theory
topics that are relatively well researched: multi-agent coverage and
obstacle avoidance. However, the combination of these two essential
aspects of motion control has not yet been sufficiently studied. For this
reason, we have grouped the review of the scientific literature into two
separate sections.

2.1. Collision avoidance

Velocity obstacle-based algorithms (Fiorini and Shiller, 1993) are
arguably the most researched collision avoidance algorithms. ORCA
(Van Den Berg et al., 2011) and derivatives, such as the recently
presented LSwarm method (Arul et al., 2019), have been successfully
utilized for agent collision avoidance in urban scenarios. Agents and
obstacles are typically classified based on their nature as reactive or
non-reactive and are consequently prescribed a velocity that ensures
avoidance. As the algorithms only handle collision avoidance, they
are implemented with a coverage algorithm and work to minimize
avoidance-related coverage loss. Recently, geometrical constraints are
used as a basis for the collision avoidance algorithm described in Thanh
and Hong (2018).

The improved artificial potential field algorithm proposed in Chen
et al. (2017) resolves potential collisions in dynamic environments
by introducing repulsive fields based on relative distance modified
directional coordination forces which alter the trajectory of the agent.
The authors state that the method has a 98% probability of success.
Similarly, modification of the repulsive potential field through the
introduction of the relative distance between the agent and the obstacle
has been utilized in Sun et al. (2017) to account for trajectory jitters,
target inaccessibility and multi-agent scenarios. The approach proposed
in Choi et al. (2020) is applicable to static and dynamic problems and
uses a curl-free vector field instead of repulsive forces traditionally
employed in artificial potential field methods. Modified formulation
builds upon the original (Rezaee and Abdollahi, 2012) and utilizes eval-
uated angles between the agent and the obstacle as well as appropriate
velocity vectors to determine the direction of the vector field.

Motion planning by using a harmonic potential function in conjunc-
tion with the finite element method to calculate trajectories has been
presented in Garrido et al. (2010) thus enabling avoidance of complex
obstacles and domain shapes. It has been stipulated that the method can
be applied to three-dimensional problems and different agent types.

In Krishnan and Manimala (2020) authors proposed a PSO-based
collision avoidance algorithm for use in real-world UAV control scenar-
ios where static and dynamic obstacles are commonplace. The approach
can guide the agents so as to avoid obstacles, however, computational
efficiency and consequently real-world applicability remain to be in-
vestigated. An ant colony optimization is utilized in Pérez-Carabaza
et al. (2019) to determine search trajectories for multiple UAV search

missions. The proposed algorithm provides trajectories that ensure

2

minimal search time without the risk of collision or loss of communi-
cation with the ground control station. A procedure for path planning
that considers a three-dimensional environment, dynamically changing
tasks and required completion time, is presented in Li et al. (2020).
The optimization problem is solved, using an improved fruit fly opti-
mization algorithm (FOA) based on the optimal reference point named
ORPFOA, to determine a path for multiple UAVs.

Sensor-based reactive three-dimensional collision avoidance pro-
posed in Hrabar (2011) relies on occupancy maps to guide the agents.
Throughout the flight, sensor readings are used to dynamically update
the occupancy map. Cylindrical safety volume is continuously projected
from the agent forwards and based on the distance to the closest
obstacle, a collision avoidance procedure is initiated. A set of candidate
escape points is generated by sampling the encountered obstacle and
eventually an escape point that allows a collision-free trajectory is
chosen.

A fully decentralized distributed approach for airplanes’ collision
avoidance based on adaptive multi-agent technology, called CAAMAS,
is presented in Degas et al. (2021). In CAAMAS, each airplane is a
mobile agent that uses a finite set of discrete speed vector modifica-
tions, based on a local point of view, to follow desired trajectories while
avoiding collision with other agents.

2.2. Multi-agent coverage

Coordination of a team of mobile agents defending against the
invasive unsteady threat to a planar convex area is studied in Luo
et al. (2019). The dynamics of the threat are simulated using the
unsteady two-dimensional reaction–diffusion model while agents are
directed using a gradient-based control method that optimizes the
agent’s contribution within its actively changing Voronoi cell.

A sweep coverage approach proposed in Shi et al. (2018) for ir-
regular domains is inspired by the motion of spring-connected balls.
Although intuitive and effective, the approach is questionable for ir-
regular obstacles as it can introduce increased complexity in agent
interactions.

Cooperative coverage with a team of heterogeneous agents has been
discussed in Mellone et al. (2018). The authors have introduced a dis-
tributed cooperative control strategy that utilizes a descriptor function
framework and permits flexibility in agent sensing capabilities. Agents
can successfully avoid obstacles and collisions while accomplishing
persistent coverage.

A non-stationary heat equation is employed in Eren and Açıkmeşe
(2017) in order to guide a swarm of agents in a domain, following a
prescribed target density. Governing agents using the heat equation
raises many connections with the method presented in the current
paper. The main differences that can be highlighted are constraint-free
agent kinematics and the lack of the ability to instantaneously impart
newly obtained information, due to the non-stationary nature of the
employed heat equation.

The three-layer architecture presented in Yao et al. (2017) incor-
porates the Gaussian mixture model and receding-horizon control for
cooperative search in an urban environment. Following the generation
of the probability distribution, the domain is split into multiple sub-
regions which are sorted hierarchically based on their probability of
distribution. Agents are then tasked to cover appropriate sub-regions
sequentially using the receding horizon control.

An adaptive path planning strategy proposed in Meera et al. (2019)
based on the Bayesian optimization is utilized to guide UAVs in a
known static environment. Obstacle avoidance is achieved through the
evaluation of the euclidean signed distance function. The proposed
methodology produces collision-free exploration-exploitation balanced
three-dimensional trajectories.

A motion control presented in Miller et al. (2016) optimizes the
ergodic trajectory of an agent with respect to a given information
density. A robotic electrolocation platform is used in the experimental
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investigation of the control method to estimate the location and size of
static targets in an underwater environment.

Ergodic exploration through the receding-horizon method is em-
ployed in Mavrommati et al. (2018) for the problems of coverage,
search, and target localization. A real-time motion control optimally
improves ergodicity with respect to the given expected information
density distribution. The proposed approach can be distributed across
multiple agents with guaranteed global stability for a given distribu-
tion.

The modified formulation of the ergodic coverage algorithm pre-
sented in Ayvali et al. (2017) is shown to be applicable in constrained
environments and irregular domains. Additionally, employed stochastic
trajectory optimization algorithm facilitates obstacle avoidance. The
specificity of sensors, i.e. the heterogeneity of the agents, is accounted
for as well and hence allows for variable ergodic coverage depending
on the agent and sensor in question.

A collaborative multi-agent approach for target search, which syn-
thesizes geometry and probability-based methods, was presented in Zhu
et al. (2021). Initial results suggest noticeable improvements in cover-
age when compared to exclusively probability-based methods. Complex
interactions and collision avoidance as well as the heterogeneity of
agents are yet to be considered.

A decentralized trajectory planning algorithm based on ergodic
coverage has been recently presented in Gkouletsos et al. (2021). The
study addresses scenarios in which multi-agent systems have limited
communication and proposes a new formulation of the global cost func-
tion which can be minimized by an iterative, four-step, decentralized
optimization algorithm.

A multi-agent system based on ergodic exploration and utilizing
the leader–follower approach for formation control has been proposed
in Chen et al. (2020). The movement of agents is directed by the
potential field of the leading agent, while obstacle avoidance is resolved
through the tangential movement of the agents in close proximity to
the obstacle. Implementation still lacks thorough validation as it has
only been demonstrated to work in rectangular domains with circular
obstacles.

Ergodic coverage considered in Sartoretti et al. (2021) was en-
hanced with the spectral decomposition method to assign search sec-
tors based on the agent’s characteristics thus managing a multi-agent
heterogeneous swarm.

The suitability of current state-of-the-art multi-agent coverage meth-
ods for use in urban environments has been assessed in Patel et al.
(2020). Multiple methods have been evaluated in three-dimensional
domains. Agents are envisioned as UAVs tasked with covering an area
brimming with buildings of different heights. Results show that ergodic
methods with collision avoidance tend to achieve significantly better
coverage in scenarios with predominantly tall buildings. This behavior
can be attributed to the combined effects of frequency and innate
efficiency of obstacle avoidance when compared to simple overflight.
Traditional methods, on the other hand, tend to perform better when
fewer agents are available and buildings are lower. In all scenarios,
building density is important and accentuates the differences between
the methods.

Recently, an integrated system for autonomous three-dimensional
exploration has been presented in Batinovic et al. (2021). By mov-
ing through the environment, a hierarchical volumetric representation
(i.e. map) is generated. This is achieved through the SLAM cartogra-
pher. Agent movement is governed by the frontier-based exploration
principle which provides agents with collision-free escape points while
simultaneously ensuring exploration-exploitation balance.

3. Surveying motion control using Helmholtz partial differential
equation

The behavior of complex dynamical systems can be described with
ergodic theory. An ergodic search process is an approach for agent tra-
jectory planning which directs agents to spend time in a region/subset
3

proportional to the probability of finding targets in that region/subset
of the physical domain. If the search process is ergodic, and the proba-
bility measure is invariant, then the time average is equal to the space
average almost everywhere in the limit when time goes to infinity. In
simpler terms, as search time increases, so does the coverage. Ergodic
search achieves complete coverage only as the time approaches infinity.
In practical applications, however, the search has a time limit and the
ergodic motion control method must balance between satisfying the
ergodicity condition and maximizing the probability of finding targets
in the given time frame. The presented ergodic coverage algorithm is
based on the heat equation model which exponentially reduces the
influence of low-probability regions. Analogy and comparison between
HEDAC and ergodic search process based on a spectral norm (Mathew
and Mezić, 2011) was established in previous paper (Ivić et al., 2017).

The area surveying control aims to govern the agent’s motion, whilst
conducting a spatial sensing action continuously in time along the
agent’s trajectory, in order to achieve the targeted coverage. The use
of multiple agents obviously allocates the task more efficiently, which
leads to a less time-consuming survey process. The mobile agents need
to navigate within the domain 𝛺, and we denote their trajectories as
𝐳𝑖(𝑡), where 𝑖 = 1,… , 𝑛 is the index of an agent and 𝑛 is the number of
controlled agents. The rotation of the agent in the horizontal plane also
needs to be considered if non-radial action or sensing is to be employed.
The angle 𝜃𝑖(𝑡) is defined as the angle of the heading direction relative
to the East (or the first coordinate vector).

Continuous sensing is performed locally by an agent and it is
defined with a sensing base function 𝜙(𝐫), where 𝐫 is the agent’s local
oordinates. Due to agent movement, the local action extends and
ccumulates over different regions of the domain, depending on the
rajectory of the agent. The accumulated sensing action can generally
e represented with the achieved coverage 𝑐 which is defined as a
onvolution of sensing base function along agent trajectory:

(𝐱, 𝑡) =
𝑛
∑

𝑖 ∫

𝑡

0
𝜙𝑖

(

𝐑(𝜃𝑖(𝜏)) ⋅
(

𝐳𝑖(𝜏) − 𝐱
))

d𝜏. (1)

The transformation to local coordinates includes the translation and
he rotation and can be straightforwardly defined as 𝐫𝑖 = 𝐑(𝜃𝑖(𝜏)) ⋅
𝐳𝑖(𝜏) − 𝐱

)

, where 𝐑 is the rotation matrix defined with agent heading
ngle 𝜃 as:

(𝜃) =
[

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

]

. (2)

We have adopted the target density function 𝑚(𝐱) proposed in Ivić
2020) since it offers a correct spatial and temporal definition of the
ncertainty search which is suitable for multi-agent surveying missions.
or a given initial target density 𝑚0(𝐱), which satisfies ∫𝛺 𝑚0(𝐱)d𝐱 = 1,
nd the achieved coverage 𝑐 one can easily calculate the current target
ensity:

(𝐱, 𝑡) = 𝑚0(𝐱) ⋅ 𝑒−𝑐(𝐱,𝑡). (3)

This formulation incorporates the spatial and temporal character-
stics of the sensing function and motion of agents. Furthermore, an
ntegral of target density function 𝑚 over domain 𝛺 is directly related
o the detection rate as shown in Ivić (2020), and as such it is conducive
o monitoring the efficiency of the surveying. Therefore we define the
urveying accomplishment 𝜂(𝑡) as

(𝑡) = 1 − ∫𝛺
𝑚(𝐱, 𝑡)d𝐱. (4)

The multi-agent motion control relies on the use of a scalar field
which acts as a potential field that attracts agents. Specifically, the

hange in agent motion is proportional to the gradient of the potential
here the agent is currently placed:

d𝐳𝑖
d𝑡

∝ 𝛥𝑢(𝐳𝑖).

Since agents are directed towards higher potential 𝑢, via its gradient,
we can describe 𝑢 as the attraction field and the gradient as ‘‘in which
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direction to go’’ information. The potential field 𝑢 needs to possess
two main characteristics: 𝑢 should reflect, in some manner, the goal
overage 𝑚 while the non-zero gradient (which points towards the
nder-explored area) needs to be obtainable anywhere in the domain.
t is the design of the potential field 𝑢 that is the avant-garde idea of
he HEDAC algorithm (Ivić et al., 2017).

In Ivić et al. (2017) the motion control for a general coverage
roblem is defined in order to follow the gradient of the potential
ield obtained by solving the Helmholtz partial differential equation at
ach time step. If we consider the two-dimensional coverage operation
omain 𝛺 ∈ R2, the potential field 𝑢(𝐱, 𝑡), where 𝐱 ∈ 𝛺 and 𝑡 is time,

spreads the information about the amount of certain field of interest
𝑚(𝐱) throughout the entire domain via:

𝛼𝛥𝑢(𝐱, 𝑡) − 𝛽𝑢(𝐱, 𝑡) + 𝑚(𝐱, 𝑡) = 0 (5)

here 𝛼 > 0 and 𝛽 > 0 are adjustable parameters that regulate the bal-
nce between global (coarse) and local (detailed) coverage movement
ontrol. Neumann boundary conditions are set on the domain boundary
:
𝜕𝑢
𝜕𝜂

|

|

|

|𝛤
= 0 (6)

where 𝜂 is the outward normal vector to the boundary 𝛤 . Usually, when
dealing with elliptic partial differential equations, such as (5), at least
one Dirichlet boundary condition is required to settle to the unique
solution of the potential 𝑢. In established potential field equation (5),
−𝛽𝑢 acts as a sink term which auto-balances the solution 𝑢 conforming
o the field of interest 𝑚. Furthermore, there is a unique solution of
5) with boundary condition (6) for all 𝛽 > 0 which can be found
n Budak et al. (1980). Additionally, Neumann boundary condition (6)
rovides an ideal behavior for resulting potential 𝑢 near boundaries of
he coverage domain. It constrains the gradient vector ∇𝑢 to be always
ointing inward at the boundaries and therefore keeps the agents from
rossing the boundary.

Note that field of interest changes in time, due to conducted sensing
erformed by agents and, consequentially, the solution 𝑢 is also a func-
ion of time. However, the partial differential equation (5) is stationary
n order to instantaneously propagate the information throughout the
omain and it is solved at each time 𝑡.

If we overlook the inertial aspects of the agent’s movement, a simple
irst order motion law can be defined as follows:
d𝐳𝑖
d𝑡

= 𝐮(𝐳𝑖) ⋅ |𝑣𝑖| (7)

where |𝑣𝑖| is given constant velocity of 𝑖th agent and 𝐮 is an unitary
gradient of potential 𝑢:

𝐮(𝐱) = ∇𝑢(𝐱)
|∇𝑢(𝐱)|

. (8)

The original HEDAC idea is inspired by the heat equation and the
se of conduction transport phenomena in order to propagate the infor-
ation over the domain (Ivić et al., 2017). This transport mechanism

s analogous to Fourier’s and Flick’s laws from heat conduction and
iffusion models, respectively, and it is interesting to interpret it from
he aspects of these two different physical phenomena. The gradient of
he potential field which the agent follows (𝐮) is directly related to the
eat flux in the heat partial differential equation. The heat flux density
epresents the amount of the heat (energy) that flows through a unit
rea per unit of time. It is defined by Fourier’s law:

= −𝑘∇𝑢

here 𝐪 is the local heat flux density, 𝑘 is material conductivity and ∇𝑢
s the temperature gradient which is analogous to the gradient of the
otential. The same analogy can be made with Flick’s law of diffusion
here 𝐪 is called diffusion flux, 𝑘 is diffusion coefficient and 𝑢 is

oncentration field. Both heat conduction and diffusion models enable
he transfer processes from an area of higher 𝑢 to lower 𝑢 and this is
he phenomenon we wish to achieve with information 𝑢 in HEDAC, in
4

rder to distribute the information over the domain. The agent heading
irection is the opposite (negative) to the heat or diffusion flux vector
ield. Therefore, we can claim that the agent moves in the opposite
ay to information transfer achieved via field 𝑢. Since 𝑚 is acting as

he only source of information in (5), the gradient 𝐮 safely leads to
reas of higher interest characterized with a greater value of 𝑚, which
s shown in numerical experiments in Ivić et al. (2017).

The HEDAC motion control can be tuned with parameters 𝛼 and 𝛽,
hich can be explained more intuitively in terms of the heat equation.
he heat conduction coefficient 𝛼 regulates the global behavior of the
otion control: the influence of non-negative values of the field 𝑚 on

he potential 𝑢 has a greater range if 𝛼 increases. The cooling coefficient
has a less pronounced effect on the motion control as it acts as a

caling factor of the 𝑢 field in relation to the 𝑚 field. This scaling
etermines the linear system matrix (in the proposed FEM formulation
s well as in the FDM formulation for solving the heat equation (5))
nd allows adjustment of the condition number (of system matrix)
nd, consequently, the robustness of the proposed method. It should
e noted that 𝛼 and 𝛽 need to be adjusted simultaneously to provide
obust and efficient local and global behavior of the motion control.

. FEM implementation for irregular geometry and obstacle avoid-
nce

Previous applications of HEDAC control (Ivić et al., 2017, 2019;
vić, 2020) considered rectangular domains, mainly due to using finite
ifference method for solving partial differential equation (5). A dis-
ributed multi-agent coverage motion control presented in Zheng and
hai (2022) is an extension of the HEDAC idea that utilizes Voronoi
artitioning in order to calculate the temperature field in each agent’s
ubregion. The field of interest 𝑚 can be arbitrarily defined, with
ones of zero interest (𝑚(𝐱) = 0) which agents tend to avoid, but
EDAC control does not prevent agents from passing over these areas

o we can call them soft obstacles. Although this results in a simplified
omain that is easy to navigate, there are obvious shortcomings of this
pproach. Issues arise in certain applications where obstacles in the
omain need to be considered and agents must be constrained not to
nter these regions. In order to overcome these issues, we solve (5) on
n irregularly shaped domain with included inner boundaries using the
inite element method.

The benefits of handling irregularly shaped domains are twofold:
n terms of computation efficiency since potentially large parts of the
omain can be excluded and in terms of constraining the motion within
iven boundaries which is very important in practical applications.

.1. Domain boundaries

The flux of the potential 𝑢 (which indicates the direction towards
igher potential) through the boundaries of the domain is prevented
ith the application of the Neumann boundary condition (6) and it

an be safely conjectured that this is also valid for internal boundaries.
onstraining the potential field with a gradient component normal to
he boundary equal to zero assures no flow of information through the
oundary, neither inside nor outside and consequentially the gradient
cannot direct the agents through boundaries. This theoretical con-

ideration gives us strong confidence that HEDAC can accomplish a
uaranteed obstacle avoidance mechanism that is being incorporated
eeply into the control method in a quite simple manner.

Let the domain 𝛺 be bounded with outer boundary 𝛤0 and inner
oundaries 𝛤𝑗 , for each obstacle 𝑗 = 1,… , 𝑛𝑜. In order to confine the
otions within 𝛺, the Neumann boundary conditions are set to outer

nd inner boundaries:
𝜕𝑢
𝜕𝜂

|

|

|

|𝛤𝑗
= 0, 𝑗 = 0,… , 𝑛𝑜. (9)

Note that the domain 𝛺 needs to be a connected domain (any
two points within the domain can be connected by a continuous path
that entirely lies within the domain) in order to allow any agent to
successfully conduct the area survey task.
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Fig. 1. A visual representation of fields used in HEDAC controlled surveying. (A) shows a given surveying density 𝑚. The coverage 𝑐 is constructed as the convolution of 𝜙 along
the agent’s trajectory as shown in (B). By combining initial density 𝑚 and achieved coverage 𝑐 one can obtain the current target density (C). Finally, the potential field 𝑢, shown
in (D), is calculated from 𝑚 using the FEM approximation of HEDAC’s underlying Helmholtz equation. One can observe a triangular numerical grid and exclusion of obstacles from
the domain.
4.2. Finite element method

The weak formulation of the presented problem is obtained by
multiplying Eq. (5) by a smooth test function 𝑣 ∈ 𝐻1(𝛺) and integrating
over the domain. Using the integration by parts to the integrand with
second-order derivatives, the following equation is acquired:

− 𝛼 ∫𝛺
∇𝑢(𝐱, 𝑡)∇𝑣(𝐱)d𝛺 − 𝛽 ∫𝛺

𝑢(𝐱, 𝑡)𝑣(𝐱)d𝛺 + ∫𝛺
𝑚(𝐱, 𝑡)𝑣(𝐱)d𝛺

+
𝑛0
∑

0
∮𝛤𝑗

(∇𝑢(𝐱, 𝑡).𝜂)𝑣(𝐱)d𝛤 = 0.

Considering the Neumann boundary condition (9), the final weak
formulation is expressed in following equation:

∫𝛺
𝛼∇𝑢(𝐱, 𝑡)∇𝑣(𝐱) + 𝛽𝑢(𝐱, 𝑡)𝑣(𝐱) − 𝑚(𝐱, 𝑡)𝑣(𝐱)d𝛺 = 0. (10)

We will use simple polynomials for the space of test functions and
our representation of the solution. Let 𝑀 =

{

𝑇1,… , 𝑇𝑁
}

be a partition
of 𝛺 into 𝑁 uniform non-overlapping triangles. Each sub-domain 𝑇𝑖
is given a coordinate transformation 𝐫 = 𝐿(𝜉) between the real space
𝐫 = (𝑥, 𝑦)𝑇 ∈ 𝛺 and the local system 𝜉 = (𝜉, 𝜂)𝑇 . The sub-domains are
chosen to be triangles with the geometry described by the classical 3-
node interpolation functions. The scalar field of the unknown variable
and test functions over each 𝑛 -node element 𝑇𝑖 is approximated by

𝑢ℎ =
𝑛
∑

𝑗=1
𝑁𝑗𝑢𝑗 (11)

where 𝑁𝑗 stands for the Lagrangian polynomial interpolation functions
on 𝐿 and 𝑢𝑗 represents the nodal values corresponding to the vertices
of 𝑇𝑖. The degree of the polynomial interpolation functions 𝑁𝑗 depends
on the number of nodes assigned to the sub-domain. In our examples,
we use quadratic approximation, 𝑝 = 2 and 𝑛 = 6, although it is possible
to use higher degree polynomials.
5

Because the domain and the triangulation do not change during the
entire calculation, the linear system coefficient matrix is sparse and
constant hence the solutions are obtained very efficiently.

For the calculation of the gradient 𝐮 and interpolation of several
scalar fields at arbitrary points inside the domain, we can directly use
a finite element representation of the solution of (5), in contrast to the
solution obtained with finite difference which additionally needs to be
interpolated. Fig. 1 shows the numerical mesh and the approximated
solution to the Helmholtz equation on an irregular domain with holes.

FEM approach is an obvious improvement of the original finite
difference approach because it provides additional flexibility, simplicity
and more control over the agent’s motion while the computational cost
is equal at worst.

To calculate the FEM approximation, a constant linear system with
a variable right hand has to be solved at each time step. Our algorithm
implementation calculates the inverse of a sparse 𝑁 ×𝑁 matrix which
costs less than 

(

𝑁3) operations. The matrix of the linear system
is constant therefore the inverse has to be calculated only once, in
the algorithm initialization, before the time stepping starts. For each
time step the FEM approximation reduces to only one matrix–vector
multiplication which costs at worst 

(

𝑁2) operations.

4.3. Results

Previous applications of the HEDAC (Ivić et al., 2017) and the
SMC (Mathew and Mezić, 2011) multi-agent control used regions of
zero interest (target coverage density equal to zero) in order to guide
the agents to avoid such regions. Although this approach is legiti-
mate, it certainly does not guarantee that agents do not pass through
those regions. Therefore, the obstacles are considered virtual, and their
avoidance could be interpreted only as a soft constraint.

A simple test case used for evaluating ergodic coverage using the

SMC control method is presented in Mathew and Mezić (2011). One
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Fig. 2. Trajectories of ergodic exploration for Case 1 (based on ergodic coverage example from Mathew and Mezić (2011)) at 𝑡 = 6 using unconstrained first order dynamics.
In (A) obstacles are only considered as areas with the field of interest 𝑚 equal to zero, while in (B) obstacles’ areas are excluded from the finite element domain and Neumann
boundary condition (6) is set to their boundaries.
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circular and two rectangular obstacles are positioned inside a unit
square domain (1 × 1) which is explored using three agents with
kinematic motion. Parameters used for HEDAC control are 𝛼 = 0.1 and
𝛽 = 2. Fig. 2. A reveals trajectories obtained with the HEDAC method
when using a target density equal to zero (𝑚 = 0) inside the obstacles.
During the survey, agents tend to pass over virtual obstacles depending
on the agents’ current positions and the locations of regions left to be
explored. One can compare these results with a similar one presented
in Mathew and Mezić (2011) where the SMC method is applied using
the same test case and parameters.

The HEDAC method can direct the coverage and avoid the obstacles
when obstacles are excluded from the domain (Fig. 2.B). Due to uncon-
strained maneuverability when using the kinematic motion model, an
agent can easily avoid the obstacles only by following the gradient of
the potential 𝐮. These results confirm previous theoretical considera-
tion of using the Neumann boundary condition on the domain’s inner
boundaries.

5. Obstacle avoidance maneuvers for Dubins motion model

The application of Dubins motion constraints in the proposed con-
trol algorithm leads to the nonholonomic system and there are cases
where the control solution is non-trivial or even unsolvable.

New features considered in the previous section, such as obstacle
and collision avoidance, work with first order (kinematic) motion
models but they cannot be successfully employed for more complex
agent motion models such as second-order (dynamic) or Dubins model.

5.1. Dubins motion model

Since we are considering the motion of an agent with a constant
velocity 𝑣𝑎, the motion model can be reduced and governed with a
single differential equation which controls the turning i.e. the change
of heading direction 𝜃 via angular turning velocity 𝜔:

d𝐳𝑖
d𝑡

=

[

𝑣𝑖 ⋅ cos 𝜃𝑖
𝑣𝑖 ⋅ sin 𝜃𝑖

]

, 𝑖 = 1,… , 𝑛

d𝜃𝑖
d𝑡

= 𝜔𝑖 , 𝑖 = 1,… , 𝑛.

(12)

Dubins motion model restricts the curvature of the agent trajectory
nd this constraint can be easily established by limiting the angular
elocity 𝜔:

𝜔 | ≤ 𝜔𝑚𝑎𝑥 , 𝑖 = 1,… , 𝑛. (13)
𝑖| 𝑖 e

6

here 𝜔𝑚𝑎𝑥
𝑖 is the maximal turning angular velocity which implicitly

efines minimal curvature radius of the trajectory 𝑅𝑖 = 𝑣𝑖∕𝜔𝑚𝑎𝑥
𝑖 .

The HEDAC control algorithm successfully avoids obstacles and
domain boundaries for the kinematic motion model (7), but due to
minimal turning radius constraint, this is not guaranteed for Dubins mo-
tion model. Hence, in order to ensure collision avoidance and turning
constraint, the control needs to comprehend both of these constraints.

The gradient of the potential field 𝛥𝑢 is employed as the core of the
HEDAC control. The angular velocity can be computed as an angle of
vector 𝐮(𝐳𝑖) relative to the current direction according to

𝜔𝐻
𝑖 = <)

(

d𝐳𝑖
d𝑡

,𝐮(𝐳𝑖)
)

. (14)

.2. Formulation of optimization problem for collision avoidance maneuvers

According to curvature constraint (13) two marginal cases of motion
an be observed: a circular turn to the left using 𝜔 = −𝜔𝑚𝑎𝑥 and
circular turn to the right using 𝜔 = 𝜔𝑚𝑎𝑥. These motions result
ith two circular trajectories with radii equal to minimal turning

adius 𝑅 and with centers at 𝐟− and 𝐟+ (blue circles shown in Fig. 3).
hese two trajectories, or any of their shorter segments, are the most
adical ‘‘escape routes’’ which serve as the basis for obstacle avoidance
aneuvers.

We have defined a clearing distance 𝛿𝑖 which needs to be ensured
etween 𝑖th agent and any stationary or moving (other agents) obstacle.
ence, we specify clearing circles − and + of radius 𝑅𝑖 + 𝛿𝑖 with a
enter at 𝐟− for a left escape route and 𝐟+ for a right escape route,
espectively. If 𝜔 = −𝜔𝑚𝑎𝑥 or 𝜔 = 𝜔𝑚𝑎𝑥 is employed permanently, the
gent would remain in circular motion about 𝐟− and 𝐟+, resulting with
nchanging − or +, respectively. To ensure the feasibility of such
ircular motion, at any time at least one of the two escape routes must
e available to an agent and, therefore, at least one of the circles − and
+ needs to be collision-free. This ensures a continuous collision-free
otion in which the active clearance circle remains stationary since its

enter is the same as for the resulting circular escape route (Fig. 4).
Note that the collision avoidance mechanism, as presented below,

tilizes the entire range of turning angular velocities 𝜔 ∈ [−𝜔𝑚𝑎𝑥, 𝜔𝑚𝑎𝑥],
here, in most cases, there are many sub-ranges of turning that allow
feasible collision-free motion in a single control step. However, we
ant to ensure uninterrupted feasible motion, not only in a single step,

hat occupies as little space as possible and allows consideration of
he full range of alternative directions in the next steps. Using circular
scape routes enables such request and it is always attainable if one
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Fig. 3. Sketch of parameters used for defining collision avoidance maneuver. The yellow arrow represents the center of an agent 𝐱 and its heading direction. Blue circles, with
enter at 𝐟− and 𝐟+ and radius 𝑅, represent radical escape routes (maximal possible turning to the right or the left). Clearance 𝛿 represents a minimum allowed distance between

the center of an agent and the closest domain boundary. Every intersection of the boundary with the clearance area (ocher-colored circle) disables the associated escape route.
Since at least one escape route needs to be available at any time, the green area, representing the intersection of left and right clearance areas, should never collide with the
boundary of the explored domain.
Fig. 4. The collision avoidance procedure considers two possible escape routes: a circular motion to the left or the right (turning along blue circles), and it is activated just before
both escape routes are blocked. The thick black line is the agent trajectory driven by HEDAC while the thick blue line is the trajectory of a maneuver produced by the optimization
used for collision avoidance.
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of the bounding turning velocities is utilized (in a range of control
steps). In the worst possible case, which we never encountered while
conducting surveying simulations, the agent could permanently remain
in a circular collision-free motion.

In order to maintain collision-free motion, one needs to check if
the desired movements specified by all 𝜔𝑖 allow at least one free
clearance circle for each agent. Hence, we define the calculation of the
collision area depending on the positions and orientations of all agents
achievable with turning angular velocities 𝜔𝑖 in a control time step 𝛥𝑡.
For simpler notation, we define turning angle 𝛥𝜃𝑖 ≡ 𝜔𝑖𝛥𝑡 and a vector
of turning angles for all agents 𝛥𝛩 = (𝛥𝜃1,… , 𝛥𝜃𝑛).

For each agent, there are two options for possible escape routes
(to the right or the left, resulting with − or + clearance circles,
respectively) resulting in 2𝑛 possible combinations of maneuvers. All
ombinations of escape routes can be systematically considered using

𝑗,𝑖(𝛥𝛩) =

{

−
𝑖 , if 𝐛𝑖(𝑗) = 0

+
𝑖 , if 𝐛𝑖(𝑗) = 1,

(15)

here 𝐛(𝑗) is a 𝑛-digit binary representation of number 𝑗 and 𝑗 =
𝑛
0,… , 2 −1 are indices which correspond to each unique combination of g

7

left and right escape routes for all agents. Each of these combinations
is possibly a safe maneuver and C𝑗,𝑖 selects if − or + is assigned to
agent 𝑖. Collisions can be detected for any combination of escape routes
by calculating the collision area as:

𝐴𝑗 (𝛥𝛩) =
𝑛−1
∑

𝑖=1

𝑛
∑

𝑘=𝑖+1
‖C𝑗,𝑖(𝛥𝛩) ∩ C𝑗,𝑘(𝛥𝛩)‖ +

𝑛
∑

𝑖=1
‖C𝑗,𝑖(𝛥𝛩) ⧵𝛺‖ (16)

here the first term sums the area of intersections between agents’
ctive escape routes, while the second term sums the area of intersec-
ions between active escape routes and the domain boundary. A route
s collision-free if there exists at least one collision-free combination.

e can introduce minimal intersection area:

𝑚𝑖𝑛(𝛥𝛩) = min
(

𝐴0(𝛥𝛩), 𝐴2(𝛥𝛩),… , 𝐴2𝑛−1(𝛥𝛩)
)

. (17)

In order to ensure safe maneuvers, we want to check all collision-
ree combinations where 𝐴𝑚𝑖𝑛(𝛥𝛩) = 0. We must ensure that at least
ne combination is collision-free (Fig. 4). Therefore, we evaluate the
inimal collision area for directions 𝛩 and we must find the optimal

ollision-free route which obeys the Dubins motion model and ensures

ood coverage.
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Fig. 5. Trajectories and potential 𝑢 of ergodic surveying for Case 1 at 𝑡=600 s using first order dynamics with Dubins constraint and collision avoidance maneuvers. All relevant
parameters are defined in Table 1 and the domain data and mesh is available as supplementary data. Five agents are continuously surveying the domain. Note the dotted red line:
it connects the agents which are in close proximity; both agents are treated simultaneously in the optimization maneuvering algorithm in order to avoid the collision.
Fig. 6. Analysis of the search data for Case 1. The top plot (A) shows the evolution of cumulative area coverage over time. Plot (B) depicts changes in trajectory radius with
respect to the minimal turning radius. It is evident that the prescribed turning radius limit is respected. Calculated distances between agents and obstacles during the search
are presented in the plot (C). Minimal allowed clearance between agents and boundary is ensured. Finally, plot (D) presents execution times for the calculation of the HEDAC’s
potential field via FEM as well as the optimization procedure for obstacle avoidance maneuver. On average, coverage convolution, potential field solving and collision avoidance
maneuver are computed in 0.043, 0.030 and 0.033 s, respectively. The maximum total computational time for a single motion control step is 0.385 s.
Now, we can formulate an optimization problem as follows:

minimize
𝛥𝛩

𝜖(𝛥𝛩) =
∑

𝑖
(𝜔𝐻

𝑖 − 𝜔𝑖(𝛥𝛩))2

subject to 𝐴𝑚𝑖𝑛(𝛥𝛩) = 0, (18)
|

|

𝜔𝑖
|

|

≤ 𝜔𝑚𝑎𝑥
𝑖 .

8

Since the directions obtained from the potential field 𝑢 ensure
a good coverage corresponding to appointed 𝑚, we want to choose
a feasible search direction that is closest to the HEDAC’s direction.
We can achieve this by setting the sum of the squared difference of
trial and HEDAC’s angular velocities as a minimization objective 𝜖. A



S. Ivić, A. Sikirica and B. Crnković Engineering Applications of Artificial Intelligence 116 (2022) 105441
preferred solution would be determined by the HEDAC method. But
if we introduce a collision-free constraint, by keeping the area of all
collisions 𝐴𝑚𝑖𝑛 equal to zero, directions of agents need to adapt to
possible encounters with boundaries or other agents. There is always at
least one feasible solution of (18) since there is at least one combination
of bounding turning velocities (or associated bounds of optimization
variables 𝛩) that provides escape routes without collisions (𝐴𝑚𝑖𝑛 = 0) as
ensured in the previous control step. Hence, we can claim that solving
the proposed optimization problem (18) guarantees a collision-free
motion of agents.

5.3. Partitioning and solving the optimization problem

The number of possible combinations of escape routes (16) rises
exponentially with the number of agents and it is constantly used in
the evaluation function for the collision constraint in the optimiza-
tion. The optimization problem (18) can be partitioned into multiple
independent optimizations based on agents’ interactions and possible
collisions which are easily predictable by distances between agents.
Some individual agents or groups of agents act independently of others
and can be separately treated in the optimization which leads to a great
boost in computational efficiency.

The partitioning of the optimization problem (18) is performed by
clustering the swarm of agents into groups. A group of interacting
agents is created by checking the distance criterion for all combinations
of agent pairs defined with indices 𝑖1 and 𝑖2:

‖𝐳𝑖1 − 𝐳𝑖2‖ ≤ 2𝑅𝑖1 + 𝛿𝑖1 + 𝑣𝑖1 ⋅ 𝛥𝑡 + 2𝑅𝑖2 + 𝛿𝑖2 + 𝑣𝑖2 ⋅ 𝛥𝑡. (19)

All pairs of 𝑖1 and 𝑖2 agents which satisfy criterion (19) belong to
the same group which is not interacting with other groups. Hence, we
can solve the optimization (18) independently for agents in each group
and reduce the number of optimization variables (number of search
agents in the group). Due to the combinatorial explosion effect which
occurs when assessing escape route combinations (16), clustering of
agents into groups and partitioning the optimization problem leads to
a significant speedup of the collision avoidance maneuver procedure.

The optimization is solved sequentially and independently for each
group using a modified Cyclic Coordinate Search method (CCS). The
method’s modification is twofold: the handling of the constraints is
integrated into the optimization procedure and the method relies on
the Golden Section Search for underlying one-dimensional optimization
instead of the Line Search traditionally used in CCS. We chose the
Golden Section Search due to its bracketing mechanism to ensure the
guaranteed feasible solution, which is at the bounds of 𝛥𝛩𝑖 variable, is
not lost in the optimization.

The standard Golden Section Search is a method intended for solv-
ing bounded non-constrained one-dimensional optimization problems
and it relies on the comparison of the objective values for trial values
of the optimization variable. A single coordinate search in CCS for
collision avoidance maneuver is one-dimensional but it should consider
the zero-area-collision constraint. Therefore, we modify the comparison
operator for trial solutions to consider both the objective and the
constraint:

𝑓 (𝛥𝛩𝑘1 ) < 𝑓 (𝛥𝛩𝑘2 ) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

if 𝐴𝑡𝑜𝑡𝑎𝑙(𝛥𝛩𝑘1 ) = 𝐴𝑡𝑜𝑡𝑎𝑙(𝛥𝛩𝑘2 ) ∶
𝜖(𝛥𝛩𝑘1 ) < 𝜖(𝛥𝛩𝑘2 )

otherwise:
𝐴𝑡𝑜𝑡𝑎𝑙(𝛥𝛩𝑘1 ) < 𝐴𝑡𝑜𝑡𝑎𝑙(𝛥𝛩𝑘2 )

(20)

where 𝑓 (𝛥𝛩𝑘1 ) < 𝑓 (𝛥𝛩𝑘2 ) is evaluation of whether the trial solution
𝛥𝛩𝑘1 is better than the trial solution 𝛥𝛩𝑘2 . The Golden Section Search
iterates at least 20 iterations or until the feasible solution 𝐴𝑡𝑜𝑡𝑎𝑙 = 0 is
met.

An outline of the complete algorithm for the proposed motion
control is given in Algorithm 1. Implementation of the collision avoid-
ance mechanism, as presented in this section, into the HEDAC method
is effortless and straightforward. The implementation of the overall
methodology is quite simplistic as is the underlying theory presented

in previous sections.

9

Algorithm 1 HEDAC algorithm for constrained multi-agent ergodic
area surveying control
procedure HEDAC

function initialization
Initialize general parameters ⊳ 𝐱, 𝛿, 𝛼, 𝛽, 𝛥𝑡, 𝑡𝑒𝑛𝑑
Initialize agents ⊳ 𝐲𝑖, 𝑣𝑖, 𝜔𝑚𝑎𝑥

𝑖 , 𝜙
Initialize FEM ⊳ 𝑐, 𝑚, 𝑢
𝑡 = 0

end function
function solve_trajecotries

while 𝑡 ≤ 𝑡𝑒𝑛𝑑 do
Solve potential 𝑢 ⊳ (5) and (6) using FEM
for 𝑖 = 1… 𝑛 do ⊳ For all agents

Obtain direction 𝐮(𝐳𝑖) ⊳ (8)
Calculate turning angular velocities 𝜔𝐻

𝑖 ⊳ (14)
end for
Calculate turning angles vector 𝛥𝛩 ⊳ 𝛥𝜃𝑖 ≡ 𝜔𝑖𝛥𝑡
if 𝐴𝑚𝑖𝑛(𝛥𝛩) > 0 then ⊳ Collision is encountered

Partition the swarm ⊳ (19)
for each partition do

Solve optimization for the partition using CCS ⊳ (18)
end for
Update directions 𝜔𝑖 obtained from optimizations

end if
Move all agents ⊳ (12)
Update the coverage 𝑐 ⊳ (1)
Increase the time: 𝑡 = 𝑡 + 𝛥𝑡

end while
end function

end procedure

Table 1
The basic information about the surveying simulation test cases: domain and numerical
mesh information, agent sensing and motion parameters as well as HEDAC control
simulation parameters.

Parameter Test case 1 Test case 2 Test case 3
Simple Governors Island Archipelago

Domain areaa [m2] 64.903 7.0396 ⋅ 105 3.1443 ⋅ 107

Number of obstacles 7 164 50
Target density 𝑚0 Uniform Uniform Gaussian
Number of FEM nodes 8003 69 502 152 079
Number of FEM elements 14 957 132 755 299 483

Number of agents 5 8 10
Agent velocity [m/s] 0.1 2 3
Minimal turning radius 𝑅 [m] 0.1 0.5 13.22
Minimal allowed clearance 𝛿 [m] 0.1 1.2 6
Sensing function 𝜙 Gaussian Rectangular Circular sector

HEDAC parameter 𝛼 0.2 2000 10 000
HEDAC parameter 𝛽 0.5 0.01 0.05
Control time step 𝛥𝑡 [s] 0.4 1 3
Surveying duration 𝑡𝑒𝑛𝑑 [s] 600 1800 10 800

aThis is the area of the FEM domain (accessible regions only, obstacles excluded).

6. Surveying simulations results

We are evaluating the proposed multi-agent motion control method
on three test cases. Due to a lack of standardized tests for this kind of a
control problem in the available literature, the test cases are carefully
designed to serve as a good validation for various aspects and realistic
details of the multi-agent surveying. All the information and details
needed to set up exactly the same multi-agent surveying scenarios
presented in this paper are available in supplementary materials. The
essential information about test cases can be found in Table 1, grouped
in domain definition, agent properties and HEDAC control parameters.
Corresponding video results are additionally included as a part of this
manuscript and are available in supplementary materials.
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Fig. 7. Trajectories after surveying Governors Island (Case 2) for 1800 s. The island domain is extracted from the OpenStreetMap data and is available as supplementary material
while all relevant case parameters are noted in Table 1. Eight agents are employed for the island survey with the sensing function imitating an UAV’s camera view. Background
color contours show the goal density 𝑚 which represents the conducted survey (darker color indicates a greater value of 𝑚 i.e. areas that need to be further surveyed). Notice the

ovement of the agents through a pattern of small circular obstacles near the middle of the north-west coast and inside the Fort Jay courtyard (north-east structure surrounded
y four obstacles on sides) through narrow openings at the corners.
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.1. Case 1: Simple surveying with obstacles

A synthetic domain is designed for Case 1 surveying scenario sim-
lation. It is a simple rectangular area containing three different types
f obstacles: a spiral maze on the left, an array of small circular
bstacles in the middle and a horseshoe-like obstacle on the right side
f the domain. Horizontal external boundaries are narrowed with two
emicircles in the area of circular obstacles.

The surveying simulation is conducted with 7 mobile agents and
arameters given in Table 1. The sensing function used is a radial one
acts the same in all directions around the location of the agent) and is
efined as a two-dimensional Gaussian function:

(𝐫) = 1.5 ⋅ exp
(

− 𝐫2
2 ⋅ 0.12

)

. (21)

The simulation of the HEDAC controlled surveying is performed
in a total duration of 600 s after which one can certainly conclude
that the primary task of the control, that is surveying, is successfully
performed since agents’ trajectories passed through every region of the
domain (Fig. 5 and Video 1). All three types of obstacles are successfully
avoided and agents reached all areas enclosed by maze and horseshoe
obstacles.

The success of the surveying performed for Case 1 can be quan-
tified by the convergence of the surveying accomplishment 𝜂 shown
n subplot A in Fig. 6. We can also verify that all the constraints are
et: the trajectory curvature radii are kept above the minimal turning

adius (Fig. 6.B) and the distances from other agents and obstacles
emain greater than allowed clearance (Fig. 6.C). The computational
 r

10
times needed for appointing new directions to all agents are less than
control time step 𝛥𝑡 = 1s (Fig. 6.D) which suggests a possibility of

real-time application, although one should note that this test case
s not based on a real-world scenario. The time needed for collision
voidance maneuver is often much greater than the time needed to
btain potential by solving the Helmholtz equation due to the simplicity
f the domain and relatively sparse FEM mesh as well as due to frequent
nteraction between agents caused by the number of agents and their
roperties.

.2. Case 2: Governors Island, US

Case 2 is a synthetic test case based on a real locale. It encompasses
overnors Island in New York and is created by extracting a rectangular
omain that spans from 40.695◦N, 74.011◦W to 40.683◦N, 74.028◦W.
omain itself as well as relevant buildings and objects have been
btained from OpenStreetMap (OpenStreetMap contributors, 2017). It
s important to note that some elements, due to their size, have been
mitted from the map. After excluding the water, the zone of interest is
oughly 1.2 km × 1 km in size (south–north × east–west). The finalized
eometric model is included as a part of this paper. Additionally, please
ote that not all obstacles included in this test case can be considered
bstacles in real-world UAV surveys as some are relatively short even
or low-altitude flights. We, nonetheless, included such obstacles since
hey introduce additional details and provide complexity to this test
ase.

The sensing function 𝜙(𝑟) used for 8 agents (prospective UAVs)

epresents the action of recording a rectangular orthogonal image. The
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Fig. 8. Analysis of the Governors Island survey. After 1800 s, eight agents have managed to survey approximately 60% of the island, as shown in plot (A). In all instances, as
can be seen in plot (B), turning radii have been larger than the minimal allowed radius. Plot (C) indicates that minimal clearance between the agents and boundary has been
respected. On average, coverage convolution is computed in 0.372 s, the potential field is solved in 0.271 s and the collision avoidance maneuver takes 0.012 s, while the maximum
computational time for a control step recorded during simulation is 0.852 s. Computational times are shown in plot (D).
z
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d
d
𝜙
t
p
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rectangle is 29.04 m × 21.76 m in size and approximately corresponds
to a terrain covered when an image is taken from a UAV at an altitude
of 25 m. Other parameters are given in Table 1 and they are adjusted to
provide a somewhat realistic and smooth motion for multi-rotor UAVs.

The multi-agent surveying of Governors Island is displayed in Fig. 7
and Video 2. One can observe the domain and obstacles, trajectories
produced by the HEDAC control and contour of remaining goal density
𝑚 after 1800 s. It is crucial to note that almost all regions are surveyed
to a similar extent during the 30 min flight of 8 UAVs. While covering
the area, agents avoid obstacles and collisions with other agents, and
they maintain the trajectory curvature radius above the appointed
minimal one. The rectangular sensing function manifests the 29.04 m
wide imprint strips in goal density along agent trajectories.

The Fig. 8 shows important parameters recorded during the sur-
veying. The subplot (A) shows the surveying progress via the con-
vergence of surveying accomplishment 𝜂, which confirms that the
primary task, that is area surveying, is being accomplished. The cur-
vature radii of achieved trajectories are rather large (Fig. 8.B) due to
chosen HEDAC parameters oriented towards global surveying. Sharper
turnings are realized only when encountering obstacles or interacting
with other agents, which happens rarely (Fig. 8.C) due to the rel-
atively large domain and a small number of surveying agents. The
proposed HEDAC control is able to conduct real-time surveying and
safely provide directions for UAVs at a rate of 1 s (subplot D in Fig. 8).

6.3. Case 3: Archipelago

The primary purpose of Case 3 is to demonstrate the applicability

of the proposed approach for different search and rescue scenarios, t

11
in this case, specifically, at sea. Relevant geographical data has been
obtained from OpenStreetMap (OpenStreetMap contributors, 2017).
The region of interest stretches from 59.50◦N, 19.025◦E to 59.45◦N,
18.925◦E. It includes more than fifty islands and islets in the Stockholm
archipelago, just north of the Storö-Bockö-Lökaö nature reserve. The
search area is approximately 5.6 km × 5.6 km in size. All land features
and objects have been omitted from the map. Additionally, all features,
i.e. channels or straits, for which the clearance is below 30 m, have
been simplified and merged with neighboring land. This simplification
of geographical features relies on the assumption that search agents
will not be able to enter or maneuver in such tight sections. Employed
agents are generalized Unmanned Surface Vehicles (USV) and are based
on characteristics presented in Klinger et al. (2017), but can be altered
if we are to consider specific agent characteristics. The model used for
the evaluation is a part of this paper. The goal density 𝑚0 for this
surveying scenario is nonuniform; specifically, it corresponds to the
Gaussian distribution around the center of the observed domain with a
standard deviation of 1800 m.

The sensing function 𝜙(𝑟) employed in this case corresponds to a
one that can be viewed when observing/searching from the ship’s
ow. It is a 120◦ circular segment (±60◦ with respect to heading
irection) reaching up to 120 m, while the sensing intensity linearly
rops with distance from 𝜙 = 0.048 at the agent’s reference point to
= 0 at the distance of 120 m. This non-radial sensing base function

ries to emulate a horizontally pointing vision system which is for USV
ositioned relatively low in respect to the sea surface and thus losing
he sensing performance with the distance.

The conducted simulation of surveying resulted in very detailed

rajectories covering almost the entire water area of the considered
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Fig. 9. Agent trajectories for Archipelago test scenario (Case 3) after three hours (10 800 s). The archipelago test case is envisioned as a search and rescue problem at sea. Agents
are USV with a circular sector sensing function, surveying a cluster of islands. All relevant test parameters are given in Table 1. The simplified domain represents an archipelago
near Stockholm, Sweden. It is created based on OpenStreetMap data and is available as supplementary material. Color contours show the goal density 𝑚 i.e. represent the conducted
survey. Given that the agents are guided by the Gaussian target density with the center at the center of the domain, this area is explored first and more often than the periphery.
It is interesting to observe that agents pass between large and small islands and even explore sea inlets of various shapes and sizes.
domain (Fig. 9 and Video 3). A higher density of trajectories can be rec-
ognized in the center of the domain which is accomplished due to the
Gaussian goal density used in this case. The exploration is performed
thoroughly: almost all small bays and coves, narrow passages and islets
surroundings are inspected by the agents. A specific maneuver can be
recognized in this simulation: a forward-oriented sensing function that
acts in front of an agent results in 180◦ and even 360◦ small radius turns

hich, locally, leads to a more efficient exploration than proceeding in
straight line. These small radius turns are practically nonexistent in

revious surveying scenarios.
Similar to the previous scenarios, monitoring of the most important

arameters regarding surveying and assigned constraints is shown in
ig. 10. The agents are distributed evenly in the surveying domain
hich results in minimal constraints handling and practically negligible

ime required for obstacle avoidance maneuver computations. One can
otice that a relatively large proportion of computational time is spent
n computing and assembling the coverage, which can be explained by
relatively large span of sensing function and dense numerical mesh

f the domain. Given the realistic domain and other search parameters,
t can be concluded that the proposed method is suitable for real-time
nmanned surface vehicle control in surveying missions.
12
6.4. Analysis of maneuvers in specific situations

The proposed control method was thoroughly tested in numerous
surveying scenarios of which only the three most specific and distinct
were presented in previous sections. During testing and analysis of the
results, the authors detected several interesting details and specifics
regarding the formulation of the surveying problem and the behavior of
the proposed agent movement control algorithm. We isolated specific
maneuvers of interest and designed simpler surveying test cases in
order to reproduce them. For simplicity, all these tests were performed
on domains bounded with 2 m × 2 m box and using the same agent
properties and HEDAC parameters as used in Case 1 surveying scenario
simulation.

Fig. 11.A shows a general issue of surveying near a concave bound-
ary, which appears in almost any coverage problem when using Dubins
motion constraint. Although it is not an issue with the proposed control,
it is interesting to observe this drawback and how HEDAC control
handles it. In this case, a goal density 𝑚0 is set as the Gaussian function
centered at the bottom left corner of the domain and it drives the agent
to firstly survey that corner. The corners formed within the boundaries
of the domain or obstacles are difficult to be adequately explored
since the prescribed minimal clearance and minimal trajectory radius
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Fig. 10. Recorded data for the Archipelago surveying simulation indicates that all constraints are satisfied during the simulation. According to plot (A), after three hours,
pproximately 55% of the domain has been surveyed. Due to domain size, agents do not interact as often and collision avoidance is mainly activated for static land obstacles.
lots (B) and (C) clearly indicate that all prescribed constraints, namely minimal turning radius and allowed clearance, are respected. The maximal computational time for the
ontrol time step is 1.676 s while average computational times are 0.912, 0.650 and 0.003 s for coverage convolution, solving potential field and collision avoidance maneuver,
espectively, as shown in plot (D).
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onstrain the motion in such a manner that the corner’s tip is impossible
o be reached. In this case, the control actually covers the corner in the
est possible manner but a certain residual of 𝑚 still remains in the

corner (green color). The authors suggest using a sensing function that
sufficiently acts within a range greater than 𝑟 + 𝛿 in order to minimize
his issue.

A Gaussian goal density is placed in the center of the domain
hen conducting the simulation of the surveying within a domain
ith simple obstacles (Fig. 11.B). A gap between two obstacles is too
arrow for an agent to pass between, yet it allows the potential to be
ransferred and forms an attraction gradient which directs the agent
hrough an impassable route. Small gaps between obstacles, like this
ne, should be removed from the geometry and the numerical mesh
f the domain. Fig. 11.C shows a possible solution where two close
bstacles are connected and the gradient forms an alternative route
round the obstacle. Similar alterations of the mesh were applied in
ase 1 and Case 2 in order to close narrow gaps and prevent undesirable
epetitive circular motion at the gap entrance.

The trajectory shown in Fig. 11.D demonstrates a successful survey
f a narrow pocket. The pocket is slightly wider than 2𝑅 + 2𝛿 which

is enough for the agent to enter the slot and make the turning for the
exiting route. A slot which can theoretically be explored is shown in
Fig. 11.E: an agent could pass the narrowing without collision and there
is plenty of space to make the turning at the end of the socket. However,
since the proposed method investigates possible collisions only locally,
it is unable to direct the agent into the slot, although it is attracted into
it by the gradient of the potential. This local treatment of collisions is
fundamental to the proposed control and a solution that would robustly
 a
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manage such situations needs proof that, within a certain time, a space
available for turning is reachable by a trajectory through a narrow
passage (less than 2𝑅+2𝛿 and greater than 2𝛿) while complying with all

otion and collision constraints. It should be noted that, to the best of
he authors’ knowledge, there is no such control method in the current
iterature which addresses and successfully resolves this issue.

A demonstration of coordination between agents is shown in
ig. 11.F. A Gaussian goal density is assigned at the center of the
omain for a survey with 5 symmetrically placed agents oriented
owards the center of the domain. Since all agents are at the same
istance from the attracting center, they all interact and the control pro-
ides symmetric motions for all 5 agents. Eventually, due to the effect
f domain squareness (compared to pentagonal agent configuration),
he symmetry is broken and agents continue to interact in irregular
onfiguration.

. Conclusion

Motion control for multi-agent surveying is an exciting task that,
ue to the development of unmanned vehicle technology, has an in-
reasingly strong basis for application in the real world. Heat Equation
riven Area Coverage (HEDAC) is a recently established multi-agent
otion control proven in several applications. We extended the HEDAC
ethod for autonomous multi-agent search by using a Finite Element
ethod (FEM) for solving the potential which allowed the application

n irregularly-shaped domains. Furthermore, the use of internal domain
oundaries enabled the modeling of static obstacles in the domain. It
s shown that HEDAC, in principle, can easily and smoothly drive the
gents to avoid such obstacles in unconstrained kinematic motion.



S. Ivić, A. Sikirica and B. Crnković Engineering Applications of Artificial Intelligence 116 (2022) 105441

t
P
b

w
b
d
D
n
m
t
s
e
p
e
t
l
o
C
S
w
o
i
t
s
T
s
s

m
d
c
s
r
t

Fig. 11. Limitations and peculiarities when executing collision avoidance maneuvers. (A) Surveying near a concave boundary of the domain (a corner) depends on proposed motion
constraint properties 𝑅 and 𝛿 (minimal turning radius and clearance) with regards to the range of sensing function 𝜙. An obstacle with a narrow gap can cause a formation of
he gradient of the potential through the gap, which can in turn induce an undesirably repetitive motion (B). The noted potential issue can be avoided by closing the gap (C).
roposed motion control can easily guide an agent in a wide enough slot (D) but local narrowing (less than 2𝑅 + 2𝛿) prevents the agent from entering the slot (E). Coordination
etween the agents while exploring the same point of interest results in the interaction of multiple agents (red dotted line connections).
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A smooth motion and collision avoidance are essential for real-
orld applications, such as control of UAVs or USVs, and they can
e achieved by constraining the curvature of the trajectory and the
istance between static obstacles and dynamic obstacles (other agents).
irecting agents exclusively via the gradient of the potential field is
ot successful if additional constraints are imposed, such as Dubins
otion constraint, and static and dynamic collision avoidance. In order

o resolve the constrained motion control, we propose a relatively
imple and intuitive method based on the optimization of possible
scape routes. The proposed method is solid and robust since it always
rovides a feasible solution (meeting all constraints) by considering
scape routes achievable with respect to the curvature constraint so
hat invariably at least one route is always collision-free. The estab-
ished optimization problem is solved in each time step, if directions
btained with potential field gradient are not feasible, by using the
yclic Coordinate Search optimization method and underlying Golden
ection Search. The number of escape route combinations, achievable
ith a limiting turning radius, increases exponentially with the number
f agents and this can raise computational demands beyond the capabil-
ties of applicable technologies. Therefore, we perform partitioning of
he optimization problem where separate optimizations are formed and
olved each including only a group of agents currently in interaction.
he partitioning of the optimization problem provides an impressive
peedup that allows a practical application of the proposed multi-agent
urveying control algorithm.

The proposed control method is tested in simulations of three
ulti-agent surveying scenarios of which two are considering realistic
omains and parameters applicable for UAV and USV surveying appli-
ations. In all simulations, we recorded and presented all important
urveying parameters: the surveying efficiency, trajectory curvature
adii, clearance distances and computational times for three fundamen-
al components of the proposed control algorithm. The first test case
 r
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s a synthetic scenario in which the possibilities and functionality of
he proposed control algorithm are presented. The second scenario is
ealistic multi-UAV surveying of Governors Island in New York which
ncludes 164 obstacles of various shapes and sizes. The simulation
onsiders a real-world domain and both motion and sensing UAV
arameters in order to confirm real-world applicability. Using and
ontrolling multiple USVs for surveying at the sea, with 55 islands and
slets acting as obstacles, is investigated in the third scenario. It differs
rom previous cases with a fundamentally altered sensing function,
hich is directed in front of the USV, and an enlarged scale of the

urveying domain. It can be concluded that the proposed multi-agent
otion control method is successful for directing different surveying

cenarios and, what is very important, it can be executed in real-
ime. Finally, we investigate specific details of surveying maneuvers
hat we observed during thorough testing of the presented control
ethodology. We show situations which could lead to potential issues

nd propose solutions for such problems.
The methodology proposed in this study extends the HEDAC method

ith the addition of a FEM solver while maintaining the robustness
f the potential field approach for area coverage multi-agent mo-
ion control. FEM implementation provides flexibility with regards
o domain and obstacle complexity. Agent motion and motion con-
traints are taken into account with an optimization-based collision
voidance maneuver technique which is able to guarantee a feasible
scape path for both static and dynamic obstacles. Noted algorithms
re a part of an integrated framework for autonomous multi-agent
ontrol. Implementation is simple and lightweight, yet robust and
fficient, and thus suitable for real-world applications. The overall
omputational efficiency of the proposed control inspires confidence
or a quality real-world application using the latest technology with
eal-time control.
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An apparent future avenue of development includes the extension of
he implemented FEM approach to three dimensions, thus enabling sur-
eys in arbitrary three-dimensional domains (UAV movement amidst
uildings). A complex yet relevant real-world problem is the ability to
nvestigate unknown domains. This procedure would require a dynamic
pdate of the domain boundary information, principally obstacles,
hile simultaneously including unknown/unexplored regions of which

he potential would attract UAVs. Inherent implementation complexity
nd potential computational limitations, however, mandate extensive
esearch. By decentralizing the proposed motion control algorithm,
fully autonomous coverage, where each agent independently regu-

ates its motion, can be achieved. To ensure coordination and avoid
ollisions, a partial exchange of coverage information, as well as in-
ormation on agents’ locations, would be required. Applications for

variety of other operations conducted by unmanned vehicles look
lausible and promising. The framework, as it stands, can be employed
or agent control in land or sea search and rescue scenarios, hence real-
orld assessments of UAV fleet motion control is expected to be carried
ut.
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