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Ergodicity-Based Cooperative Multiagent Area
Coverage via a Potential Field

Stefan Ivi¢, Bojan Crnkovi¢, and Igor Mezi¢

Abstract—This paper considers a problem of area coverage
where the objective is to achieve given coverage density by use of
multiple mobile agents. We present an ergodicity-based coverage
algorithm which enables a centralized feedback control for multi-
agent system based on radial basis function (RBF) representation
of the ergodicity problem and a solution of an appropriately
designed stationary heat equation for the potential field. The
heat equation uses a source term that depends on the differ-
ence between the given goal density distribution and the current
coverage density (time average of RBFs along trajectories). The
agent movement is directed using the gradient of that poten-
tial field. The heat equation driven area coverage has a built-in
cooperative behavior of agents which includes collision avoidance
and coverage coordination. The algorithm is robust, scalable, and
computationally inexpensive.

Index Terms—Area coverage, cooperation, ergodicity, feedback
control, heat equation, multiagent system.

I. INTRODUCTION

HE MULTIAGENT area coverage problem is one of the

most challenging problems emerging from rapid advance-
ment in autonomous mobile agents industry. Unmanned
vehicles—ground, aerial, water surface or underwater—are
used to perform a variety of actions on the area of interest.
The use of multiagent systems in problems like area coverage
has obvious advantages over single agent coverage, but also
raises some problems like cooperation, collision and a poten-
tial deadlock of agents that need to be considered. This paper
considers the problem of area coverage using such a system
of cooperative agents.

There are two basic types of coverage problems that are
considered in recent papers. The first type is a static cov-
erage problem where the task is to find an optimal static
configuration of sensors that fit the goal stationary probability
distribution. The second is a problem of dynamical coverage
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accomplished by continuous movement of agents in order to
achieve given goal coverage density. In addition to the above
classification, area search problems with target detection and
path finding are related to area coverage problem and are
solved with similar methods and techniques.

Coverage, search or path finding problems are also con-
sidered as an optimization problem with the task of finding
optimal trajectories in respect to various objectives and con-
straints. The foundations and basic theory of optimal search
with target detection can be found in [20]-[22] and [36].

Spanning tree covering [12] is a cellular automata-based
coverage method where agent uses its sensors to detect obsta-
cles and construct a spanning tree of the environment while
covering the work-area. A similar approach in [31] uses a
coverage tree that can accommodate nonuniform coverage of
regions in the target area.

The algorithms presented in [8] exploit the computational
geometry of spatial structures such as Voronoi diagrams. The
discussed method is extended to provide an optimal station-
ary coverage for time-varying distribution density function. A
dynamic coverage control algorithm is proposed in [15] which
only requires a finite number of messages to be exchanged
among the agents and guarantees coverage of convex polygo-
nal area in finite time.

Potential field approach is widely used for planning of
mobile agents’ motion and the distribution of stationary sen-
sors because of its simplicity and elegance. Several approaches
based on potential fields are used for coverage, search, path
planing or related methods for both static and dynamic
problems. A potential-field-based approach is used for path
planning [38], sensor deployment [16], and exploration of an
unknown environment [30]. A more advanced approach, using
a Laplace equation to model the potential field, is utilized
in [9], [25], [32], and [33].

Combination of potential field and Voronoi diagrams
approach, together with visibility graph technique, is used
in [24] to solve a path planning problem. Receding horizon
control method [4], [5] is used to find optimal trajectories that
maximize spatial coverage in a given time interval.

Partitioning or decomposition of the domain, as a tech-
nique in area search or coverage problems, is investigated
in several papers. A survey of early researches on cellular
domain decomposition is given in [7]. Domain decomposi-
tion is extended and combined with optimal path planning
in [6] and adaptive task allocation in [29]. Area search method
in [39] dynamically partitions the search area based on the
target density distribution. Domain partitioning accounts for
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regions of potential targets with varying levels of uncertainty.
An algorithm based on cellular decomposition is used for
complete-coverage of unstructured environments [1], [2], [13].

A method for carrying out a long endurance area surveil-
lance missions is presented in [3]. The emphasis of this
method is put on cooperation of agents realized by “one-
to-one” coordination which ensures to get a near optimal
solution keeping a periodic information interchange between
all agents. A search strategy presented in [19] is also focused
on cooperation of search agents. The information merging
strategy is used for occupancy and data exchange between
agents.

A cooperative multiagent search method is used in [40] for
target search in uncertain environment. It uses a decentralized
strategy based on sensor reading and data obtained trough the
search. Combination of local and global strategies to achieve
efficient multiagent coverage and bounded repulsive avoidance
control law for collision avoidance is presented in [11]. The
local agent guidance strategy is based on the gradient of local
coverage error. A control strategy based on variable coverage
action and variable coverage range of the agents is proposed
in [10]. Reduction of coverage error and energy consumption
is achieved with adaptive behavior in terms of actuator power
and actuator domain.

The spectral multiscale coverage (SMC) [17], [26], [27]
approach provides a centralized feedback control laws for
multiagent systems so that agents trajectories sample a given
distribution of target locations as uniformly as possible. The
method was applied to dynamic area search problem in [28]
and to adaptive search in [37]. It uniquely sets the problem
as the one of weak convergence of the delta distribution on
agent trajectories to the prescribed distribution that is often
absolutely continuous with respect to Lebesgue measure. The
SMC algorithm is based on the idea that agent trajectories
should be ergodic with respect to the prescribed measure. This
leads to the formulation of the method in terms of a scaled
difference of spectral transforms of coverage and goal fields.
Use of the Fourier transform in the SMC algorithm can be
computationally demanding and in some special cases cause
instability in agent movement. Due to the choice of the global
Fourier basis, the method tends to perform global coverage
first and later focuses on local coverage. In some applica-
tions, it is more advantageous to explore the local area first.
Furthermore, in SMC, excessively covered areas can cause
suboptimal behavior of agents.

In [18], dynamical covering for partially connected mobile
agents with guaranteed collision avoidance is introduced. The
model presented in [18] was used to obtain decentralized
coverage control in [34].

We present a new method which is able to carry out a coop-
erative and synchronized multiagent movement with a task
to achieve targeted spatial area coverage, focusing on local
exploration. This is achieved by first formulating the ergodic-
ity problem in terms of—local—radial basis functions (RBFs)
and formulating a “smoothed gradient potential field” control
method to minimize the error between the delta measure on
trajectories and the prescribed measure. Both smoothing of the
gradient and collision avoidance (that is not built into the basic
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SMC method) are achieved using a heat equation formulation.
Thus, our approach combines ideas used in the SMC methods
and methods based on potential field theory.

II. AREA COVERAGE CONTROLLED
BY HEAT EQUATION

In this consideration, we generalize action performed by
agents and focus on the agents motion control in order to
provide effective area coverage.

Although real coverage problems are mainly 2-D, the
proposed method could be applied to multidimensional prob-
lems. Thus, the coverage problem formulation and the defini-
tion of proposed method considers n-dimensional multiagent
coverage.

A. Area Coverage Problem Formulation

The multiagent coverage algorithm presented in this paper is
based on a centralized control of agents motion in the bounded
n-dimensional domain  C R” with a Lipschitz continu-
ous boundary. For now, let us consider trajectories of mobile
agents as known and are denoted by z; : [0,7] — R”", for

i=1,2,...,N where N is the number of mobile agents.
Consider a positive smooth local RBFs ¢ and ¢, that satisty
—n X
9o (x) = 0 7"p(=>) (M
o
¢x)dx =1 2)
Rn

where o is a positive scaling factor.
With known agent trajectories, the coverage density at time
t can be defined as

1
o)=Y [ o —a(ar )
i=1

The coverage density can be seen as the time average along
trajectories z;(7) of a function ¢X

Py (¥) = o (x—y).

The functions ¢} can be seen as a family of functions in
L?(Q2), parameterized by the spatial point x. In the current for-
mulation, they replace the Fourier basis used in the formulation
of the SMS algorithm [27].

According to (3) the coverage is normalized in R”, but in
the bounded domain €2 where the RBF support might be out-
side of the domain (near the boundary) (3) does not guarantee
normalized coverage. Therefore, we need to use normalized
coverage density (coverage in short)

Co (X, 1)
Jo Co(x, 1) dx

We want to control the motion of agents in order to achieve
for their coverage ¢, to converge in some sense to the given
goal density m : 2 — R, where fQ m(x) dx = 1. Goal density
m can be interpreted as a relative density of agents action over
the domain 2 or as a probability density function.

The coverage ¢, depends on the selected radial function
¢,. Obviously, since trajectories are 1-D, it would typically

o (X, 1) =

“4)
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take a Peano-curve type complicated construct to achieve con-
vergence of ¢, to a smooth goal density m as time goes to
infinity. We relax the convergence requirement, moving to
weak convergence of the delta distribution on agent trajec-
tories (1/(N 1) Z{V:I fé 8(x—1zi(t))dr, ¢s) = ¢y tested on the
space of RBFs to the prescribed distribution m as in SMC—
and ask that the time average of ¢} matches its spatial average
with respect to m

(b +m)(X) = /Rn bo (Y)m(x —y)dy = fRn ¢y (2)m(z) dz
)

where in the last equality we used the property ¢,(z) =
¢5(—2z) of RBF. The term ¢, * m represents the spatial diffu-
sion of the goal density m. We define a local error as difference
between goal and coverage density

e(x, 1) = (¢ * m)(X) — co (X, 1). (6)

The scalar field e is a spatial distribution of error, where neg-
ative and positive values indicate insufficiently and excessively
covered areas, respectively.

The error estimate E is defined as L, norm of the local error
field e

E@) = lle(x, D)l (7

E(r) can be considered as global error which is used to evaluate
overall area coverage success for given agent trajectories. It
can be evaluated at any time to monitor the convergence of
the coverage process. As we want to minimize the difference
between goal density and coverage density, the objective of
the area coverage method is to achieve

lim E(r) = 0. ®)

If this is satisfied, we say that trajectories of the multiagent
system are ergodic [27]. The agent trajectories are continuous,
their speed is bounded and they cannot jump from one place
in the domain to another, therefore E(f) cannot in general be a
monotonically decreasing function of 7. The main task of the
coverage method is to define a rule for movement of mobile
agents that will ensure that the error will decrease for a large
enough time ¢ and (8) can be achieved.

B. Agent Motion Control

Control of agents’ motion can be accomplished in several
ways, where different physical or technical limitations of real
agents can be considered. A simple control of agent movement
can be achieved with kinematic or dynamic model, represented
with first and second order differential equations, respectively.
For more realistic and accurate mobile agent movement, a
more detailed vehicle, plane or helicopter model can be used.

To keep the focus on the problem of coverage efficiency and
agent cooperation, we choose the simplest first order kinematic
model that neglects agent mass and inertia. Using this model,
there is no need to deal with agent behavior near the edge
of the domain or similar issues which arise when using more
complex models.

1985

In the kinematic model, our ansatz for the movement of
agents is

dz;(t Vu(zi(t),t
zl()= - u(z;(1), 1) ’ —1.....N 9)
dr [IVu(z; (1), D
with initial conditions
Zi(O) =1Z0, Zjo € Q, i= 1,...,N (10)

where v, is the maximum agent velocity and u : R"*! — R is
a scalar field that we will define below. While the magnitude of
agent velocity is constant and equal for all agents, the direction
of the agent depends on current position of the agent and the
gradient of scalar field u. Since we want to minimize the error
E, the field u will be related to the spatial error distribution (6).

At first sight, u = e might look like a good choice to mini-
mize the error, but due to different scales of spatial error and
the presence of local minima it is not applicable in the present
form for the global minimization of overall error E. The gra-
dient of the error field e, cannot provide information of distant
insufficiently covered areas in 2. Furthermore, using the gra-
dient of e, even local minimization is not guaranteed, since
a zero gradient of e can be encountered. A similar issue was
confronted in [11] where additional global control strategy was
deployed.

To prevent these problems, we use the stationary heat equa-
tion, with proper boundary conditions, as a smoothing operator
for the spatial error field e. As we show later, this is quite sim-
ilar to using a modified norm (a negative Sobolev space norm,
as in SMC) to capture weak convergence. In our construction,
a modified local error field participates as a source of heat—
which indicates insufficiently covered area—in the stationary
heat equation. The heat conduction phenomena within the heat
equation propagates information on the insufficiently covered
area, as temperature, throughout the whole domain. The heat
equation was the first diffusion process that was applied to
digital images [35], where it was used to introduce a scale
space to detect important features of the image.

The field u is obtained as a solution to the stationary heat
equation defined as a partial differential equation

o-Aux,t) =B -uXx 1) +y-aXxt) —sx,1) (11D
with the boundary condition
ou
— =0, on 92 (12)
on

where A is a Laplace operator, n is the outward normal, a is
the sink, s is the source, and @ > 0, 8 > 0, and y > 0 are
tunable parameters that are explained below.

We introduce a non-negative spatial field

5(x, f) = max(e(x, 1), 0)? (13)

which emphasizes the insufficiently covered areas and neglects
the negative values of e (indicating oversampled areas). A sim-
ilar modification of the error function is used in [18].

For convenience, 5 is appropriately scaled

S(x, 1)

s 1) = D
I_SIN Jo 5(x, 1) dx

(14)
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Using s as a heat source, a stationary heat equation is
employed to produce a temperature field gradient which will
lead agents to the areas of interest.

In the formulation (11), the diffusion term « - Au can be
physically interpreted as heat conduction. The parameter o
presents the thermal diffusivity which regulates the strength of
the smoothing of the potential field by conduction. A stronger
heat conduction, caused by choosing larger «, extends the
range of influence of the heat (error) source in the domain
and it is suitable to enhance global coverage control.

The term SBu in (11) presents a convective heat flow and, in
this case, governs cooling over the whole area of the domain.
This is a special case of convective heat flow that can be
written as B(u — ux), where us, is the environmental temper-
ature and B is convective heat transfer coefficient. Since the
source s is always being non-negative, thus consistently acting
as heating source, a convective heat flow Bu tends to lower the
temperature toward u#., = 0 and it can be regarded as cool-
ing term. Overall heating and cooling heat flows are balanced
when equilibrium temperatures u are reached. When increas-
ing convective cooling, temperature field u tends to have more
similar shape to source field s so details of uncovered areas
are better emphasized in u. Thus, enlarging S leads to better
local coverage.

The term y -a represents local cooling generated at the agent
positions. Field a is rescaled to be aligned with s

a(x, 1)
“ﬁl Jqatx, 1) dx

where a is agents cooling defined as the sum of RBFs centered
on each agent’s current position

ax,t) = (15)

N
ax.1) =) go, (x — zi(1).
i=1

Local cooling (16) is introduced to provide local repulsion
effect between agents which enables better cooperative cov-
erage and collision avoidance. It should be noted that this
mechanism of collision avoidance does not guarantee mini-
mal distance between agents. Guaranteed collision avoidance
could be accomplished using a repulsive forces as presented
in [18]. The influence of local cooling on the coverage pro-
cess is regulated with two parameters: 1) the cooling intensity
y in (11) and 2) the cooling range o, in (16). The intensity
of agents cooling can be interpreted as strictness of collision
avoidance while o, is proportional to safety distance.

The Neumann boundary condition (12), in terms of heat
equation, represents an ideal heat insulation on the edge of
the domain. Insulation is an appropriate boundary condition
because it prevents agents from leaving the domain, disables
the heat flux trough the boundary and it ensures that agent
motion is dominated by the properties of the heat source and
not by the boundary conditions.

Note that for an efficient area coverage method, coefficients
B and y should not be constant if a change in the domain of the
coverage problem is introduced. Specifically, if the coverage
problem is spatially scaled, for example if different units are
used, the solution of the stationary heat equation (11) would
also change if 8 and y stay constant. This issue can be simply

(16)
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resolved by scaling B and y with the rate of the domain area
change. Specifically, a unit domain [0, 112 coefficients Bo and
yo are used to calculate B and y, respectively, based on the
following simple scaling:

)
p= €2
Y0
= — 17
14 15 (17)

where |2| is the area of the domain.

The proposed area coverage algorithm is a coupled system
of ordinary differential equations (9) and the partial differential
equation (11). The coupling is achieved by agents trajectories
acting on the source therm of the heat equation and by tem-
perature field gradient which directs the agents. The coupled
system can be written as

Vu(z)

dZ,’
— =V =, =1,...,N
dr [[Vu(z)|]

o-Au=p8-u+y-az;)— s(z) (18)

with corresponding initial (10) and boundary (12) condition.

According to [23], for y > 0 the solution of (11) is unique,
bounded and smooth if the data and boundary satisfy some
regularity conditions. If the boundary 92 is a C? surface and
s € C%) then (11) has a unique solution u € C2(Q). If
the boundary 92 is only Lipschitz continuous in a convex
bounded domain €2, like the ones used later in numerical test,
with s € L,(2) then according to [14] there is a unique
solution to (11) in Sobolev space H?%(Q). Under reasonable
assumptions on smoothness, gradient of u exists for all points
of the domain €.

III. COMPARISON WITH SMC

SMC algorithm uses a negative Sobolev space metric that
quantifies how far trajectories of agents are from being ergodic
with respect to a given probability measure. This provides—on
the surface—a different setting than the algorithm presented
in this paper but it is possible to interpret the SMC algorithm
in terms of coverage density functions. Using this metric, the
centralized feedback control is designed so that agents tra-
jectories sample a given probability distribution as uniformly
as possible. SMC also considers a multidimensional coverage
problem.

A. Spectral Multiscale Coverage

Although in [26] both first and second order dynamics for
agent movement are used in SMC, we consider only the kine-
matic model for proper comparison with heat equation driven
area coverage (HEDAC). The movement of an agent is gov-
erned by the first order differential equation where ith agent
velocity is obtained similarly to (9)

dZ,‘ Bi

e (19)
dr ‘I8

where B; is direction of movement of ith mobile agent. This
is analogous to the ansatz used here, and as we explain below,
B; is also a gradient of a function.
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The SMC coverage is defined as a distribution

1 &
e == /0 5(x — 7(r)) dr (20)
i=1

where §(x) is the Dirac delta function. The coverage defined
in (4) has a clear connection to (20). Since the cover-
age ¢, depends on the choice of the RBF, we need to
guarantee some sensible representation of ¢ in the limit.
Therefore, ¢ must be a standard mollifier function that
satisfies

lim ¢y (x) = lim a*"¢(§) = 5(x). 1)

o—0 o—0 o

If we let 0 — 0 the relative coverage function will became a
distribution

lim ¢y (X) = csme(X) (22)
o—0
and smoothing of goal density is diminished
lim (¢g * m)(X) = m(x). (23)
o—0

Similar to (7), in [26] an appropriate, smoothing, norm Egp
was defined in order to quantify how well the trajectories of
agents are sampling a given goal coverage m

P = D ARk —mil®

keZ*"

Egme () = llcsme —m ” (24)

where ¢k and my are the Fourier coefficients of c¢gyne and m,
respectively. Furthermore, A (k) is defined as

1

AK) = —
(1+1k)?) 2

(25)

which is used as a scale factor that gives greater influence
of large-scale modes than the small-scale modes. The role of
A scaling is similar to the role of the heat equation in the
HEDAC model, because it provides a smoothing effect on the
spatial error.

The norm Egp. measures the distance between cgpe and
m as given by the Sobolev space norm of negative index
and it quantifies how much the time averages of the Fourier
basis functions deviate from their spatial averages. From
(22) and (23), it can be seen that for a small o the cover-
age ¢, and ¢, * m are reasonable approximations of cgye and
m, respectively. For a small o it is possible to compare the
convergence results for SMC and HEDAC algorithms using
norms (7) or (24).

A feedback control is designed to manage the movement
of agents using the gradient method that minimizes the
Egmc for small time step At. The ith agent’s direction is
calculated as

Bi(t) = Y A(K)(ck — mi) Vhic(zi(0)) (26)
k

where fx are the Fourier basis functions that satisfy the
Neumann boundary condition. For a 2-D implementation of

1987

SMC algorithm, Fourier basis functions are calculated on a
rectangular domain [0, L] x [0, L2] as

kimx; ko xp
fk(X)—— 08( L )cos( 5 )

Ll Lz k1 TX] k27TX2
hk = COS L2 dx1 dX2 (27)

where k = (kl, k) is the wave-number vector. The cosine
basis functions satisfy the Neumann boundary condition
9fic

— =0, on 0%2.
on

(28)

B. Implementation of HEDAC Using Fourier Series Method

Although the finite differences will be used primarily, the
solution to (11) with Neumann boundary condition can be
found using a 2-D Fourier series. Let us assume that the
domain 2 is a [0, L1] x [0, L] rectangle and let us extend
the temperature field # and source s to be even and periodic
functions in both spatial directions. Functions a and s can be
represented as a Fourier series

> afi
k

SX) = Y sicfie, a(x) =
IN
where kK = (ki,ky) is the wave-number vector and fi
defined in (27) satisfies the Neumann boundary condition (12).
Using (11), we get

(29)

w(x) = Y ukfi (30)
k
Sk — Ydak
ug = —ﬂ Tkl 3D

From (30) and (31), the gradient of u can be expressed using
Fourier series

Vu(x) = Z o k2 V(). (32)

Note that the formulation of the agent control in
(32) and (26) are very similar. In fact, if we set y = 0 we
can see in (32) that the role of the denominator is to provide
scaling of higher Fourier coefficients. This scaling produces
a smoothing effect on the field s that is very similar to the
scaling in (26).

IV. AREA COVERAGE SIMULATIONS

The proposed method is implemented for a 2-D area cov-
erage problem for conducting coverage simulations. The heat
equation is solved using implicit finite difference scheme on
uniform orthogonal mesh. From the obtained solution, i.e.,
temperature field, a gradient Vu is interpolated using bilinear
interpolation. For the numerical tests presented in the follow-
ing section, the Gaussian function is used as RBF. The goal
density discretization m and coverage discretization ¢ are cal-
culated with standard deviation o and local cooling a with o,.
Euler’s method is utilized to solve agent motion equation (9).

Testing of the proposed method is conducted on a several
examples designed to reveal the behavior of the multiagent
system in different conditions such as different domain size
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and agents properties. All the test cases are 2-D area cover-
age problems with given smooth or nonsmooth goal density
fields. Different HEDAC parameters are used to provide agent
behavior in accordance with the given test case.

In order to compare SMC and HEDAC algorithms, we used
the SMC algorithm with ¢, *m and ¢, instead of standard m
and cgme, respectively. This modification allows the use of fast
fourier transform (FFT) which provides a much faster com-
putation. The modification was thoroughly tested and showed
no significant difference in terms of convergence or overall
performance.

The results of simulations for the described test cases are
presented in figures described below and video animations
available as supplemental material. The video animations,
labeled as videos 1-3, show the trajectories of agents along
with fields: goal density m, coverage density c,, source s, and
temperature u. The error E, defined in (7), is also plotted.
The animations are based on coverage simulations with given
agents’ initial position, as defined in the description of each
test case.

To show and compare the convergence of HEDAC and SMC
methods independent on the choice of agent initial positions,
we performed Monte Carlo simulations with random initial
location of agents. For each test case, total of 100 coverage
simulations are conducted where agents are initially positioned
randomly within the part of the domain where m > 0. For
each simulation two different error formulations are observed:
E and Egyc as defined in (7) and (24), respectively.

A. Test 1

In the first test case we consider a coverage of a rectangulary
shaped area with uniform density m (gray area in Fig. 1). The
Gaussian RBS ¢, has standard deviation o = 1.

For solving the stationary heat equation (11) by finite dif-
ferences, the domain is discretized to 250 x 250 uniform grid.
For the heat equation parameters we used « = 0.02 and
B = 2:107* (Byp = 2) reflecting the very simple shape of
the goal density.

Five agents were used for coverage simulations with veloc-
ity v, = 2. Agent’s cooling is controlled with y = 1.1076
(yo = 0.01) and o, = 1. Initial positions of five agents
are: (20, 56), (35, 53), (50, 50), (65,47), and (80, 44). test 1
is computed on a time interval [0, 1000] with the time step
At = 0.2. The results of area coverage for this test, presented
as agent trajectories, are shown in Fig. 1. Paths of agents are
plotted for two different times: r = 200 and ¢ = 1000.

As is evident from Fig. 1, by the end of the simulation
the area of interest is comprehensively and uniformly cov-
ered with agents trajectories. The trajectories are smooth, and
there is no evidence of a numerical instability in terms of
glitches or deadlocks. This indicates that temperature field u
is changing smoothly in both time and space and provides sta-
ble agent guidance trough its gradient. The dynamics of agents
movement can be more closely observed in video 1.

In Fig. 2, agent trajectories achieved with SMC are plotted
for time t = 1000 which can be compared with second subplot
in Fig. 1. As discussed above, the SMC trajectories initially
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t=200

100.0 r T

60.0

0.0

100.0
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0.0 20.0 40.0 60.0 80.0 100.

Fig. 1. Test 1: agents paths using HEDAC coverage algorithm at t = 200
and t = 1000, with 250 x 250 uniform grid, the time step Ar = 0.2 and
parameters @ = 0.02, 8 =2-107% (Bg = 2), y = 1- 1070 (3 = 0.01),
vg=2,and o, =0 = 1.

explore large scales due to the algorithm’s dependence on the
global, Fourier representation. Due to the local nature of the
field of functions ¢} HEDAC produces a more uniform cover-
age and stays more closely within the boundaries of the goal
density.

Comparison of evaluated errors is shown in Fig. 3 where
the average errors (for 100 runs) are plotted. As is seen from
the plot of E versus time, HEDAC has a better convergence
than SMC after about + = 10. This is expected, due to the
local nature of both measure of convergence and HEDAC algo-
rithm. For Egy, the situation is different. At the beginning of
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Fig. 2. Test 1: agents paths using SMC algorithm at = 1000 with 250 x 250
uniform grid, time step Az = 0.2 and parameters v, =2 and 04 =0 = 1.
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Fig. 3.  Test 1: the convergence of HEDAC and SMC algorithms with

averaged errors E and Egmc based on 100 runs with random agent initial posi-
tions. The slope of almost straight lines on log-log scale shows the oah
convergence rate.

the coverage process, SMC directs agents to ensure a global
coverage in term of matching the lower Fourier coefficients
my and c; in (24). This is achieved by scaling the Fourier
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Fig. 4. Test 2: agents paths using HEDAC coverage algorithm at + = 1000,
with 400 x 400 uniform grid, the time step A¢r = 0.2 and parameters o =
21073, 8=1-10% By =1), y = 1-1075 (3 = 0.01), vz = 2, and

og=0=1.

coefficient with A (k). In later times, when matching of lower
coefficients is achieved, the agents movement is dominantly
controlled by the difference of higher Fourier coefficients of
trajectories and the goal density. As both Egyc norm and
the SMC algorithm are based on same scaling of Fourier
coefficients, it is reasonable to expect that SMC will yield bet-
ter results in Egy, norm than HEDAC. But, due to a focus on a
global coverage at the beginning, which does not take smaller
scale aspects into account, the forthcoming convergence of
Egmc 1s weakened. Thus, eventually, and as expected due to
its focus on local features, the HEDAC algorithm outperforms
SMC also in terms of the Egpc norm.

B. Test 2

The second test case has a more complex structure of the
goal density, where area of interest covers the whole domain
excluding circular patches (Fig. 4). This test is designed to
examine the behavior of agent movement on the “porous” goal
density, where it is preferable that agents avoid passing over
areas of zero interest. This test also shows the behavior of
agents near the boundary of the domain.

A 400 x 400 uniform grid is used for solving the heat
equation specified by the diffusion rate « = 2 - 107> and
the convective cooling coefficient § = 1 - 10~4 (Bo = D).
Compared with the first test case, a weaker conductive heat
transfer and stronger convective cooling are used in order to
achieve more detailed and localized movement. Used numer-
ical mesh is denser to allow for more precise and detailed
reconstruction of the goal density, coverage density and con-
sequentially temperature fields. Standard deviation o = 1 is
used in ¢ .
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Fig. 5. Test 2: agents paths using SMC algorithm at = 1000 with 400 x 400
uniform grid, time step Az = 0.2 and parameters v, =2 and 04 =0 = 1.

The simulation of the coverage using six agents is conducted
on the time interval [0, 1000] with the time step At = 0.2.
Initial position of agents are given by: (12.5, 10), (37.5, 30),
(62.5,50), (87.5,70), (12.5,90), and (25,90). The agents’
velocity is v, = 2 and the local cooling parameters are
y =1-107% (yy = 0.01) and o, = 1.

The results of the second test are shown in Fig. 4. Again,
as in the first test case, trajectories uniformly cover the area of
interest and passing trough the area of no interest is negligible
both in terms of occurrences and in the length of trajectories
outside of the area of interest.

From presented results, agents are very often near the
boundary of the domain where their behavior is very stable
without any glitches or deadlocks. It can be concluded that the
use of Neumann boundary condition (12) in combination with
gradient interpolation is suitable for handling agent’s behavior
near the boundary.

The SMC has excessive passing over circular patches where
no coverage is needed (Fig. 5). This is due to the fact that prop-
erly adapted SMC would in this case—instead of the Fourier
basis—require bases functions that are adapted to the goal
density—in particular the basis functions would have to be
zero on the inside of the excluded zones. Such a basis would
have to solve

Afie = Mfi

on the gray area. But changing the basis for every goal density
is cumbersome. HEDAC resolves this by using a nonadapted
RBF family of functions.

For better comparison of long term convergence, the dura-
tion of coverage simulation is prolonged up to t = 10000. Plots
of errors over time are shown in Fig. 6. The behavior of the
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Fig. 6.  Test 2: the convergence of HEDAC and SMC algorithms with
averaged errors E and Egmc based on 100 runs with random agent initial posi-
tions. The slope of almost straight lines on log—log scale shows the o
convergence rate.

errors is very similar to the test 1, where HEDAC outperforms
SMC over longer times in both norms.

C. Test 3

The third test is designed to show performance of HEDAC
method with a larger swarm of agents with continuous goal
density function given as

sin®(x; — 7) sin®(x, — ) + 0.1 - sin(*-27)

cos(*FT) +2

m(x) = (33)

The coverage is simulated with the use of 20 agents over a
[2r x 27m] domain. The simulation is conducted for agents
initially positioned on a grid layout (0.37, 0.657, 1.0, 1.357,
1.77) x (3/6m, 5/6m, 7/6m, 9/67) for time ¢ € [0, 100]. A
500 x 500 uniform rectangular numerical grid and the time
step At = 0.02 are used for this case.

The parameters of the heat equation are as follows: o =
0.025 and B = 2.533 (Bp = 100). The Gaussian RBF is used
with the standard deviation o = 0.01 -7 for goal and coverage
density fields, and o, = 0.02 - & for local cooling. Agent
behavior parameters are y = 2.533 - 10~% (3 = 0.01) and
vqe = 1. As large number of agents are used, both convective
and agents cooling is increased to achieve better cooperation
and thorough local search.

This test uses a swarm of agents on a longer time scale,
hence the trajectories are very dense and impractical to show.
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Fig. 7. Test 3: goal and HEDAC coverage density fields at t = 100 with

500 x 500 uniform grid, the time step At = 0.02 and parameters « = 0.025,
B=2533(Bp=100), y =2.533-10~% (9 = 0.01), vy = 1, and 0y = 0 =
0.02- 7.

The final results of the coverage simulation for test 3 are dis-
played in Fig. 7 as plot of the coverage density ¢, which can
be compared with the plot of the goal density ¢4 *m. A detailed
matching of coverage and goal density fields is reached, which
shows competence and efficiency of the HEDAC method for
solving this class of problems.

This presentation of coverage simulation results emphasizes
the choice of standard deviation o used in Gaussian RBF. The
thickness of agent trails, regulated by o, is visible in the cov-
erage plot. Use of other o would yield a dissimilar behavior of
agents and consequentially different overall coverage strategy
with various movement patterns.
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Fig. 8. Test 3: coverage density using SMC algorithm at + = 100 with

500 x 500 uniform grid, time step Ar = 0.02 and parameters v, = 1 and
oa=0=002 7.

The coverage density obtained with SMC is displayed in
Fig. 8 and it can be compared with goal and coverage den-
sity plots in Fig. 7. HEDAC produces smoother coverage with
more precise matching to the local shape of the goal density,
while the SMC showed high disparity of coverage compared
with details of the goal field. This conclusion is confirmed
by the convergence result for error E in Fig. 9. On the other
hand, when comparing the error and convergence in the Egnc
norm it is seen that SMC provides a better coverage of the
large-scale features of the goal density.

D. Remarks on Convergence

Different convergence results in Figs. 3, 6, and 9 are
shown on a log—log scale. These plots clearly indicate that
the sampling error HEDAC is roughly O(r~!). This is sim-
ilar to quasi-Monte Carlo sampling which has error Ot~ ")
as opposed to regular Monte Carlo sampling which has error
O(~'/2) (here, of course, time ¢ plays the role of number
of samples). This is not surprising because quasi-Monte Carlo
methods are based on low-discrepancy sequences and similarly
the SMC and HEADAC algorithms attempt to generate points
on agent trajectories such that they have density proportional
to m throughout the domain.

E. Computational Efficiency

We used the previously given coverage test cases to mea-
sure and compare the computational efficiency of HEDAC and
SMC coverage algorithm implementations. For this purpose,
the implementation of algorithms were modified in such a way
that all the unnecessary computational procedures (E and Egnc
calculation, visualizations and the results saving) are omitted
from both coverage methods.
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TABLE I
COMPUTATIONAL EFFICIENCY COMPARISON: HEDAC VERSUS SMC COMPUTATIONAL TIMES

Algorithm Tests
Test 1 Test 2 Test 3

Mesh size 250 x 250 400 x 400 500 x 500

No. of time steps 5000 5000 5000

No. of agents 5 6 20
QE) Initialization 2.17 6.33 10.84
= HEDAC Simulation 593.1 1553.7 6270.2
§_ Time step 0.119 0.311 1.254
§ = Initialization 0.05 0.11 0.05
g* SMC Simulation 677.5 1827.1 7396.8
3 Time step 0.136 0.365 1.479
101
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Fig. 9.  Test 3: the convergence of HEDAC and SMC algorithms with
averaged errors E and Egmce based on 100 runs with random agent initial posi-
tions. The slope of almost straight lines on log—log scale shows the o
convergence rate.

The test recorded the initialization time and the time needed
to conduct all coverage simulation time steps, separately.
Initialization covers data preparation, domain discretization
and, in HEDAC, formation of the sparse linear system and
the L U decomposition. The simulation time covers the main
time stepping loop, which consists of several demanding com-
putations: the Euler method for solving for the motion of
agents, solving the differential heat equation (HEDAC) and
FFT (SMC). The simulations are performed on 3.4 GHz Intel
Core 17 workstation. To obtain the computational times, sim-
ulations of all three tests with both methods were conducted.

Each simulation was repeated ten times and the average
computational times are given in Table L.

It can be observed that, in terms of computational
performance, HEDAC is competitive with SMC. Although
slower in initialization, the implementation of HEDAC is faster
in calculation of each time step. Based on the computational
times for a relatively dense spatial discretization, we believe
that HEDAC could even be suitable for real-time calculations
and planning of area coverage where period between control
decisions is more than several seconds.

V. CONCLUSION

In this paper, we have introduced a new multiagent cen-
tralized feedback control method for area coverage based on
a combination of techniques from potential field approaches
and ergodicity approaches. The presented method can be used
for solving multidimensional coverage problems.

The behavior of the HEDAC algorithm is demonstrated on
three 2-D area coverage test cases and results are visually
presented, analyzed and compared with SMC. Test cases are
designed to show a behavior of multiagent coverage in differ-
ent conditions. Very good results are achieved in all conducted
tests, showing superiority of the presented method for area
coverage applications that have complex local features.

The numerical implementation of HEDAC is relatively sim-
ple. The algorithm is robust, fast, and scalable, and it offers
a possibility of fine tuning through several parameters of the
method. The problem of cooperation and coordination of mul-
tiagent system is built in organically via RBFs. Collision and
deadlock avoidance is successfully achieved through the for-
mulation of source and local cooling terms and no occurrences
of instabilities of any kind are recorded.

The mathematical theory behind integral components of
HEDAC method is relatively well known and this gives solid
base for more detailed overall theoretical investigations of the
method. Although the HEDAC algorithm converges smoothly
in all performed tests, proving convergence remains an open
challenge.

There are many possibilities to improve and extend the
HEDAC algorithm and to adapt it for application to other
related problems. The algorithm can be adapted for decentral-
ized coverage using techniques developed in [34] and [41] or
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by using several heat equations for several connected groups
of agents.

For the real world applications, second order motion control
or even more detailed motion model with realistic limitations
can be introduced. The method can be applied to achieve var-
ious goals based on continuous autonomous movement over
a certain area such as: surveillance and inspection missions,
planing of search-and-rescue, various data acquisition, or other
autonomous actions like cleaning or painting.
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